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Abstract: We present three semi-orthogonalities for a class of Gauss hypergeometric functions.
We further employ the semi-orthogonalities to generate a theory concerning finite series expansion

involving our hypergeometric functions..
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Resumen: Se presentan tres semi ortogonalidades de una clase de funciones hipergeométricas.
Adicionalmente, se utilizan las semi ortogonalidades para generar una teoria relacionada con

expansiones finitas en serie que envuelven a este tipo de funciones hipergeométricas.
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1. Introduction

The object of this paper is to present three semi-orthogonalities of a class of Gauss hypergeometric
functions:

2F1(-—m,b;1—a+m;%)=iﬂ2@l—(l)n, m=0,1,2,... (L.1)

(l-a+mn! \z

We further apply semi-orthogonalities to develop a theory regarding the finite series expansion
involving our hypergeometric functions. The following three integrals are required in the proofs.

1.1. First Integral

1
/mh+n(1 _ x)°+b—2"—1 2 Fy (-—m, b;1 —a+m; %) de =
0

(14 b+ h).T(1 + h)T(a+b - n)

:(ml)n(l—a+n)nl‘(a+b+h—n+1)'

n=012,-- (1.2)

where Re(h) > —1, Re(a+b) > n, Re(b+ h) > -1.

Proof

The integral (1.2) is established by expressing the hypergeometric functions in the integrand as its
series representation ( 1.1 ) interchanging the order of integration and summation, evaluating the
resulting integral with the help of the Beta integral ( 1,p.9 ):

1
fm”“‘(l ~ )9z = m——ll:((z;)i(z)), p>0,¢>0 (1.3)

and simplifying, we get

_T(1+h+n)l(a+b—2n)
~ T(a+b+h-n+1)

aFy(—n,b,n~a—-b—h;1,1 —a+m,—h —n) (1.4)

It can easily be verified that the generalized hypergeometric series ( 1.4 ) is Saalschutzian.
Therefore, applying the Saalschuz’s theorem ( 1,p.188, (3) ):

(e —a)n(c~b),

F (- ) ’b;l; 11_' b— =
S [~y . ctat ") (¢)nlc~a—1b),

(1.5)




S.D. Bajpai, M.S. Arora, S. Mishra: Semi-orthogonalities of a class... 121

and simplifying with the help of the following form of the formula (1,p.3,(4) ):

(~=1)"T(1 +a)

(l4a—-n)= (1.6
(1+a-m =" )
the right hand side of (1.2 ) is obtained.
1.2. Second Integral
T 1
/xh+n(z a+b—2n—12Fl (—-n,b;l—a-l'n; ;) dr =
1
1 5 —a—-b—-Mh)T [
=( +b+h)T(n—a—-b—h)T(a+ n)’ n=012. (1.7)

(1—a+n),I'(=h)
where Re(a +b+ h) < 0, Re(a +b) > n, Re(b+ h) > —

Proof

The integral (1.7 ) is established on following the technique employed to establish (1.2 ) except
instead of (1.3 ) using the integral (2,p.201, (7)

/:c“"(:r —1)¥ldz = H’L%ﬂ"l Re(v) > Re(w) > 0 (1.8)

1.3. Third Integral

/zh+n(1 + x)a—b—?n—lel (_n,b; l—a+ n; %) dr =

0

_(1+b+h),T(n—a—-b—h)T(1+h)

- (1-ae+n),I'(l-a—-b+n)
where Re(h) > —1, Re(a + b+ h) < 0, Re(b+ h) > —1.
Proof

The integral (1. 9 ) is established on following the technique employed to establish (1. 2 ) except
instead of (1. 3 ), using the integral ( 2,p. 233,(8) ):

,n=0,1,2,- (1.9)

j:c”“l(l +z) Yde = F—(li)—;‘%(:::)——ﬂ, Re(w) > Re(v) >0 (1.10)
, ,
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2. SEMI-ORTHOGONALITIES

The semi-orthogonalities to be established are

o0
/m—l—b+n(1 _ x)a+b—2n—1 o Fy (‘_m, b1 —a+m; %) 2o Fy (—n, bl—a+n;
0

by n!I(=b){a+b— . _
(§—)a+rﬂf (l-lb)(:l"(afr)a) Zf =0

{0 if m<n

where Re(b) > —1 — n, Re(b) | -1-n,Re(a+b) ;0.

T 1
/z‘l'“'"(z - 1)"“’_2"‘1 2 Fy (—m, b;l—a+m; ;) 21 (—n, b;1—a+ n;
L ‘

{0 ifm<n
= b)pn!l'(a+b-n)(1—a+n . -
u(l—a(+n),.r‘()1+(b+n) ! ifm=n

where Re(a + b) > 0, Re(a) ; -n ,Re(b) ; -n,Re(b) ; -m.

o0

/x—l—b+n(1 +x)a+b—2n—12F1 (—m, b;1—a+ m; _) 2F (—n,b; l1—a+mn;
z

0

0 ifm<n

= b)un!T(1—a+n)T(=b . -
{ ﬁ-—a(il:)?ﬂ“((l_aaj;#{r(l)*_bﬁ if m=n

where Re(a) < 1m, Re(b) < ~m, Re(b) > —n.
Proof

To prove { 2.1 ), we write its left hand side in the form:

- 1
Z (-—m)r(b)r) /z—l—b-}-n—r(l _ z)a+b-2n—l 2F1 (_n, b; 1—a + n;

ri(l—a+m

On evaluating the integral in ( 2.4 ) with the help of (1.2 ), it reduces to the form

", (=m)o () T(=b=r)T(a+b=n)(=r),
Z:r!(l—-a+m)r (l-a+n)fa-n-r)

r=0

l) dzx
z

(2.1)
%) ol
(2.2)
‘?1) P
(2.3)
-31;) (2.4)
(2.5)
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If r < n, the numerator of ( 2.5 ) vanishes, and since r runs from 0 to m, it follows that ( 2.5) also
vanishes, when m < n. Now, it is clear that for m < n all terms of ( 2.5 ) vanish, which proves (
2.1a).

When m = n, using the standard result
(=r)n = { G i 0<ngr (2.6)
0 ifn>r

and simplifying, the right hand side of ( 2.1a )follows from ( 2.5 ).

To prove ( 2.2 ), first we reduce its left hand side to the form similar to ( 2.4 ), then evaluate the
last integral with the help of the integral ( 2.7 ) to obtain

f: (=m)r(b), (~r)nf(l—a+r+n)l'(a+b—n) (2.7)

e rl(l —a+m), (l—a+n)l(1+b+r)
We see that ( 2.7 ) is of the same form as ( 2.5 ). Therefore, for m < n all terms of ( 2.7 ) vanish,
which proves ( 2.2a ).

When m = n, using the standard result ( 2.6 ) and simplifying, the right hand side of { 2.2b )
follows from ( 2.7 ).

To prove ( 2.3 ), we first reduce its left hand side to the form similar to ( 2.4 ), then evaluate
the last integral with the held of the integral ( 1.9 ) to get

. r (=m)r(®)r (=r)nT(l1-a+r+n)l(-b-r)
Z(—l) rfl—a+m), (1-a+n),[(l—a-b+n) 4]

r=0

Since ( 2.8 ) is of the same form as ( 2.5 ). Therefore, for m < n all terms of ( 2.8 ) vanish, which
proves ( 2.3a ).

When m = n, using the standard result ( 2.6 ) and simplifying, the result ( 2.3a ) follows from (
2.8).
Note

On continuing as above, we can find the values of the integrals ( 2.1 ), ( 2.2 ) and ( 2.3 ) for
m=n+1,n+2,n+3,---
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3. Finite Series Expansion Involving the Hypergeometric Functions

Based on the relations ( 2.1a ) and ( 2.1b ), ( 2.2a ) and { 2.2b ), and ( 2.3a ) and ( 2.3b ), we
can generate a theory concerning the expansion of arbitrary polynomials, or functions in general,
in a fine series expansion s of the hypergeometric functions. Specially if F(z), G(z), and H{(z) are

suitable functions defined for all z, we consider for expansion of the general form

Flx) = z Ay, 2 Fy (—m,b;l—a—{-m;%), I<z<]l, m<n
=0

where the expansion coefficients A,, are given by

A = (1 -a+m)ym(l+d)ml{a—m)
T mi(b)uL(=b)T(a+b—m)

1
./F(x)z"l‘b+m(l - x)“+b_2m'1 2 F (—-m, b;l—a+m; i—)
0

Gz) = Z,_Bszl (—m,b;l-—a-l-m;i), 1<z <oo, m<n
m=0

where the expansion coeflicients B,, are given by

(1—a+m)uT(1+b+m)

Brm = m!(b),{a+b—m)'(1 —a+m)

1
f G(z) 2~ 1-04m (g — 1)o+b-2m-1, (——m, b;1—a+m; l)
T
0

H(z) = Z C’mgFl(—m,b;l—a—m;:xl), I<e<oo, m<n
=0

where the expansion coefficients C,, are given by

c. (1—a+m)m(l +8),I'(t ~a-—b+m)
™ m!(b);mT(1 — a + m)['(—b)

1
f H(:c) x-—l-—b{-m (1 + x)a+b-—2m—-1 2F1 (___m, b; 1—a+ m; i)
z
0

(3.1)

(3.6)
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