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Abstract: This paper provides an original
approach to research on the logical processes
that determine how certain forms participate in
others. By introducing the concept of relational
participation, the problems of self-referentiality
of the Platonic forms can be dealt with more
effectively. Applying this to the forms of likeness
and unlikeness in Parmenides 132d-133a reveals
a possible way to resolve different versions of the
Third Man Argument. The method of generating
numbers from oddness and evenness may also
be of interest; relational participation in these
forms clarifies the interpretation of Parmenides
143e-144a.
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Resumen: E! presente trabajo aporta
un enfoque original a la investigacion de los
procesos logicos que condicionan que unas
formas participen de otras. La introduccion
del concepto de participacion relacional
permite gestionar con eficacia los problemas
de autorreferencia de las formas platonicas. En
su aplicacion a lo semejante y lo desemejante
en Parmeénides 132d-133a, aflora una posible
via de solucion de las distintas versiones del
argumento del «tercer hombrey. Puede resultar
de interés, asimismo, el método de generacion
de los numeros a partir de lo par y lo impar, la
participacion relacional en estas formas facilita
la interpretacion de Parménides 143e-144a.
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1. Introduction

It is very likely that Plato used a system
of symbolic notation when developing the dia-
lectical science. He must have had a simplified
way to express combinations of different forms,
representing them with letters or other symbols.
It is difficult to see how else he could have crea-
ted the Parmenides dialogue, considering its
logical complexity. Written in the fullness of his
thoughts, it hides his intentions; it ensnares the
reader, confusing them with words with multiple
meanings; it uses ambiguous expressions and
gives rise to incorrect interpretations. Almost
twenty-four centuries later, it still resists being
interpreted with a sufficiently clear meaning.
As there are no reliable data or references, it is
difficult to reconstruct the symbols or diagrams
he may once have used.! Whether or not Plato
designed such a system, the logical resources
suggested below are of substantial benefit for
understanding the dialogue’s ambiguous argu-
ments, and they contribute to preserving the con-
sistency of the set during analysis. In this paper,
I will test these new tools on different passages,
trying to solve some of the problems that have
resisted other interpretations.
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2. Symbolisation of the central
hypotheses of the dialogue

The Parmenides discusses eight hypoth-
eses (or eight groups of arguments) related to
the concept of the one. Four of these —the first,
fourth, sixth and eighth— emphasise the limita-
tions of Parmenidean thought, demonstrating the
contradictory results that follow from envisag-
ing a one that has no parts and is not a whole.
These arguments are not made solely for critical
purposes; they often clarify the assertive use of
the dialectical method that is applied to the other
four hypotheses.? These remaining hypotheses
look at four expressions formed from pairs of
very broad opposing forms: one (0) and not-one
(0), being (b) and not-being (b).

In the second hypothesis (H2), the one is
linked with being, forming “the one that is” (bo);
in the third hypothesis (H3), this combination
leads to the not-one being linked with not-being
in “the not-one that is not” (ho). In the fifth
hypothesis (HS), the combination of the one and
not-being produces “the one that is not” (b o);
meanwhile, the not-one is linked with being in
“the not-one that is” (bo), which is the focus of
the seventh hypothesis (H7). The mutual depen-
dencies do not end here. Plato allows commu-
nication between “the one that is” and “the one
that is not”, as well as between “the not-one that
i1s not” and “the not-one that is”, which is also
examined in these hypotheses.?

In each of the basic sentences (bo, b0, bo
and bo), two forms are directly connected. Fol-
lowing the dialectical method, other opposing
forms that are present in these groupings and that
lead to their division must be identified, creating
new formulae.* Among the Greatest Kinds, this
role is played by the forms of sameness or iden-
tity (s) and difference or contrariety (5);> with
these, eight combinations are obtained: sho, sh o,
sb o, sba, sbo, S0, sboand s bo. To get an idea
of the logical values of some of these statements,
it is worth taking the proposition for which Plato
provides the most information, “the one that is”
in H2, and examining the two formulae that are
derived from it.

When “the one that is” participates in same-
ness, this establishes that the one and being are
inseparable; they are interconnected to the extent
that the formula sho constitutes a “whole”, which
cannot be divided to isolate any individual form:

So what is one is a whole and has a part.
Of course.

What about each of the parts of the one
which is, namely, its unity and its being?
Would unity be lacking to the part which is,
or being to the part which is one?

No.

So once again, each of the parts contains
unity and being, and the least part also turns
out to consist of two parts, and the same
account is ever true: whatever becomes a
part ever contains the two parts. For unity
ever contains being, and being unity; so that
they are ever necessarily becoming two and
are never one.

Quite s0.°

However, when “the one that is” participates
in difference instead, i.e. in the sentence § bo, in
this case it is feasible to separate out the multiple
“parts” or individual forms that it contains:

Let us see. Since unity is not being, but, as
one, gets a share of being, the being of it
must be one thing, and it must be another.
Necessarily.

Now, if its being is one thing and unity is
another, unity is not different from its being
by virtue of being one, nor is its being other
than unity by virtue of being; but they are
different from each other by virtue of the
different and other.

Of course.”

Later in this paper, I will explain how Plato
regroups these forms to produce evenness, odd-
ness and the numbers. This allows a bijection
(to use an anachronistic term) to be established
between §bo and sbo, between the “parts” and
the “whole”.?

Other attributions of meaning are likewise
open for debate; direct participation in not-being
could refer to thought, supported by words and
other representations,’ and participation in being
could refer to whatever is independent of thought,
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the “thing itself, which is knowable and truly
exists”. The self-predication caused by separa-
ting a form (Fness) from its use as a predicate
(F)' is neatly avoided by introducing a specific
form to denote language and predication. This
interpretation also circumvents any conceptua-
list ontology in the strong sense, as it legitimises
combinations of forms that do not immediately
participate in thought or not-being.!' There is
no longer any danger in acknowledging that the
study of forms, structured around the logical
formulation of their various valid combinations,
leads to ambiguities regarding the linguistic and
ontological values of those forms. (Anything that
itself participates in being and not in not-being
must still be denoted by a logical symbol that
allows to work with groupings of the correspon-
ding forms.)

3. The distinction between immediate
participation and relational
participation. Application to the
forms of identity and contrariety in
Parmenides 147b

The concept of “participation” is obscure
and controversial, a description that could broad-
ly apply to all of the main technical terms of
Platonic doctrine. Throughout this article, it has
simply been used to denote the means of commu-
nication between forms or groups of forms.'? It is
reasonable to postpone any consideration of the
gnoseological and ontological implications until
a better understanding of the logical constraints
introduced by the dialectical method is obtained.

In the statements sho, sb o, sb o, sho, sbo,
sbo, sbo and §bo, the forms are combined
without making any distinction between vari-
ables and logical operators and without adding
any terms between them; this is called “imme-
diate” or “direct” participation. After taking
the precaution of restricting these formulae to
the lower segments of the intelligible or gener-
ated realms (thus preventing any regression to
infinity), they can now be recombined with each
other through the forms of identity and contrari-
ety themselves. Two statements can participate,

through each other, in forms that are in turn
grouped into higher-level formulae belonging to
the higher segments of the intelligible or gener-
ated realms; this is called “relational”, “mutual”
or “mediate” participation. (Insofar as sho and
§bo are inferred relationally, the ranges of the
“whole” and the “parts” must be specified for
the isomorphism referenced in the previous
section.) This concept has implications for the
general doctrine of forms, as it prevents direct
self-reference and its resulting paradoxes. If a
statement participates in a form immediately,
it does not participate directly in itself again or
in its opposite; however, in relation to another
statement, it may participate in the same form
(relational reflexivity) or in its opposite (without
violating the principle of non-contradiction), as
applicable.!® This is the distinction underlying
statements like the following:

So unity, it seems, is different from the oth-
ers [§-sh 6-sbo] and itself [5+sb o-sho], and
the same as the others [s-sh 6-sbo] and itself
[s5D 0-s5b0)].

Yes, so it appears from this account.!

I omit the discussion of the reasoning that
leads to this conclusion; the reader can confirm
its consistency using the truth tables given below.
The gaps left open in the meaning of the state-
ment have been filled in with symbols between
brackets. Plato avoids defining which “one” he is
referring to on each occasion, whether it is “the
one that is” or “the one that is not”; he also fails
to report its participation in sameness or diffe-
rence, and proceeds likewise with “the others”
or “the not-one”. This is a deliberate method
of playing with the ambiguities of language,
omitting the necessary information and produ-
cing confusion without causing contradictions.
However, specifying the expressions any further
would give Plato’s writing a literary tone that
would be difficult to evaluate. That is, stylistica-
lly speaking, is it not better simply to state that
“the one is different from the others” rather than
specifying that “the one that is, to the extent of
its sameness, is contrary to the not-one that is not
where this participates in difference”? Consider
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how Plato’s full statement appears in a free trans-
lation into more rigorous language:

Thus, the one that is, to the extent of its same-
ness, seemingly opposes the not-one that
is not where this participates in difference
(55D 6-sbo), whereas by having difference it
is contrary to the one that is not in its same-
ness (5 sh 0-sbo); furthermore, the one that
is, when it participates in difference, is iden-
tical to the not-one that, not being, has same-
ness (s:sbo-sbo), and conversely, when it
participates in sameness, it is identical to the
one that is not in its difference (s*s’h 0-sbo).

The relational use of participation allows
various meanings to be superimposed onto the
same form, and Plato uses this skilfully to create
confusion in the dialogue.

4. Considerations on dialectical logic.
The possibility of creating truth tables
adapted for symbolisation

The forms of identity and contrariety are
fundamental threads in the conceptual fabric
of the Parmenides, constituting the main links
between formulae. Before continuing with the
dialogue, I should first clarify some points of the
logic underlying the dialectics. The procedures
used sometimes differ from the standard proce-
dures of logic.

4.1 Not-being is a form and not a connector.
Opposing forms. Derived formulae and
hypotheses with opposing truth values

It is probably the Sophist that most clearly
states that not-being is an individual form:

VISITOR: Because he [Parmenides] says,
I think, ‘For never shall this prevail, that
things that are not are; / I tell you, keep back
your thought from this path of inquiry.’

THEAETETUS: Yes, he does say that.

VISITOR: Whereas we have not only shown
that what is not is, but have declared what
the form of what is not actually is; for
having shown up the nature of difference
as something that is, cut up into pieces over
all the things that are in their relationships
with each other, we took our courage in our
hands and said of the part of it that is con-
traposed to the what is of each thing that it
was the very thing that what is not really is.

THEAETETUS: Yes, stranger, and what we
have said seems to be as completely true as
it could be."”

The reasoning that leads to this conclusion
confirms that being and not-being are opposites
in the lower segments, by dividing the higher-
range formula that combines difference with
being. (I suggest rereading Sophist 257b-258e
from this perspective.) The fact that Plato star-
ted from the latter two forms to demonstrate the
existence of notbeing does not imply that the
same division cannot be achieved by grouping
identity with being. There is also no reason to
infer that not-being cannot participate imme-
diately in sameness. It is more reasonable to
suppose that, relationally, not-being is subordi-
nate to being.'°

It must never be assumed that not-being is
the “opposite” of being in the sense that this term
has in the simpler logic of statements. As not-
being is an individual form, it cannot be treated
as a propositional formula derived by applying
the negative operator to being; its significance
is therefore not completely restricted.”” The
type of opposition that arises between not-being
and being may very well reflect the distinction
between whatever exists as thought (or language)
and whatever is separately from this.

Despite what the symbols used above may
suggest, no isolated Platonic form can be equated
to a propositional variable with two or more
truth values in the calculus of statements. This
is an erroneous formalisation of the language
of the Parmenides that has been damaging for
the various approaches to this work undertaken
using the tools of logic. Different truth values
must be attributed to combinations of forms.
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Both not-being and being must be combined
with other forms to produce sentences that
occasionally have opposing truth values. (In the
interpretation, the opposing formulae may not be
mutually exclusive in an absolute sense; as such,
it would be logically viable to say something
false about something that exists or to express a
truthful opinion about something that happens or
is in motion.)

In Platonic dialectics, if two forms are
“opposites” (being and not-being, one and not-
one, sameness and difference, etc.) then they
cannot be combined directly in propositions. In
some cases, derived statements can mutually or
relationally participate in contrariety (e.g. sbo
participates in § relative to sh o), and opposing
truth values can then be assigned to them, even
if the interpretation is not exclusionary. In other
cases, with certain hypotheses, the concept of
opposition appears to take on a more restrictive
meaning. Probably to prevent the emergence of
new segments or levels, Plato states — this time in
the more conventional, logical sense — that “the
one that is not” (b o) is the complete opposite of
“the not-one that is not” (b 6):

Then just what is this hypothesis, “if unity
is not”? Doesn’t it differ from “if not unity
is not”?

Of course.

Does it only differ, or is it in fact completely
opposite to say “unity is not” and “not unity
is not”?

Completely opposite.'

Maintaining the symmetry between the basic
sentences, “the one that is” (bo) and “the not-
one that is” (bo) would also be negations of each
other. It is very important to understand these
opposing hypotheses in order to build the truth
tables. However, it must be emphasised that these
opposing truth values are restricted to the lower
segments of the intelligible and generated realms.

4.2 Justification of the symbols used

It is dangerous to use a standard logical
language when examining the arguments of the
Parmenides, as this could distort the Platonic

conception of the forms. That is what hap-
pens, for example, in a conventional logical
formalisation of identity: does it remain as a
form itself, or does it turn into an operator or
a logical connector, like the biconditional? Is
first-order logic sufficient to identify the role
played by a “whole”? Should it be replaced with
a universal quantifier? The same should also
be said about its opposite, difference, which
would be equated with exclusive disjunction
and cause difficulties with the negation ope-
rator; the associated concept of “parts” would
also be problematic, leading to the existential
quantifier. It is too early to decide on the logi-
cal values that should be assigned to the forms
within standard logical languages.

I have tried to avoid these difficulties by
using a simple and completely intuitive system
of notation. Each form is represented by a letter.
To indicate opposing forms, the same letter is
used with or without an overline. Forms can be
combined to produce formulae; these in turn can
be combined into new formulae or higher-level
relational expressions, which can be recognised
in the notation as they are followed by a simple
interpunct. When considering them separately,
their ranges must be stated explicitly, but no
confusion is caused when a formula immedia-
tely connects a sufficient number of forms. (The
truth tables constructed for these formulae will
have to indicate that they belong to different
equivalence classes.)

In the Platonic dialogues, letters of the
alphabet often appear and are combined into
syllables and words, as an example or model to
illustrate dialectical procedures.!” Greek nume-
rical notation did not generally use its own
symbols, but used letters of the alphabet instead.
Combinations of letters, based on the tables of
opposites linked with Pythagoreanism and ins-
pired by systems of numerical representation,
may have been devised to denote the essences
of things.

The aporiae found in the first half of the Par-
menides can be interpreted as an obscure method
of indicating the rules to follow when combining
forms (it is easier to define what must be done
by starting with what cannot be done). In this
sense, recreating the most basic symbolic system
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that Plato may hypothetically have used at the
time, adapted to the Latin alphabet for greater
convenience, is the best strategy for handling
the difficulties of the dialogue. Once the rules
are understood, it will be possible to investigate
whether dialectics is compatible with a logical
system or with a theory, understanding both
concepts in the strictest logical sense used today.

4.3 Truth tables for formulae belonging to
the lower segments of the intelligible and
generated realms

The peculiarities of Plato’s philosophy do
not prevent the use of truth tables (with minimal
adaptations) for checking the consistency of this
proposed reading of the Parmenides. This simply

requires avoiding any treatment of individual
forms as propositional variables; being aware
that, although combining a form with others
may implicitly introduce a certain operator, this
does not reduce the form to that operator; and
trying not to confound the truth values taken
within basic sentences by the formulae derived
by partition. Table 1 shows the truth values of
the four main statements and the eight deri-
ved statements. Contradictory hypotheses were
taken into account for its construction. I have
also considered the doctrine, broadly expressed
in the Sophist, that what is different from being
is a part of not-being, which is used to identify
those lower-range formulae that belong to a sin-
gle equivalence class. Preserving the symmetry,
what is different from not-being is likewise a part
of being:?°

Table 1

Truth tables for the formulae corresponding to one and not-one in the lower segments
of the intelligible and generated realms

bo bo bo bo
5bo sbo §ho | sho 5bo | sbo §ho sho
1 ! 0 0
1 0 0 1
0 1 1 0
0 0 1 1

The logical expressions shown in Table 1
correspond to the lower segments of the inte-
lligible and generated realms; it is only in these
segments that formulae and hypotheses with
opposing truth values can be identified. (In
another paper, I provide a relational deduction
of the statements corresponding to the upper
segments and their truth tables; the criteria for
identifying which relationships refer to the inte-
lligible realm and which to the generated realm
are also specified.?') By assigning truth values
to the formulae, an effective tool is obtained
that can be applied to the dialectic method, a

procedure that uses division to systematically
analyse the relationships of identity and con-
trariety that exist between the basic sentences.
These truth tables are a valuable tool for dealing
with the endless traps and ambiguities that run
through the Parmenides.

Throughout the entire dialogue, Plato tacitly
and carefully follows certain rules that limit
the two different types of participation. As pre-
viously and partially discussed: no form should
be immediately linked with itself or with its
opposite. Derived formulae that mutually par-
ticipate in a form or in a group of forms with a
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higher range are subject to a similar restriction.
The formulae in the lower segments that imme-
diately participate in being communicate with
those that participate in not-being; both groups
must belong to hypotheses that differ but are not
opposites in the absolute sense. (Note that Plato
always avoids combining formulae that arise
from dividing “the one that is” (bo) and “the not-
one that is” (bo') with each other; he also rejects
the relational combination of formulae belonging
to “the one that is not” (b 0) and “the not-one that
is not” (6 0).)

5. The use of relational and immediate
participation in the forms of likeness
and unlikeness in Parmenides 148c-d.

Overcoming the Third Man in relation to
likeness (Parmenides 132d-133a)

The formulae in Table 1 are well formed; the
forms that compose them participate directly in
each other, without any form being immediately
combined with itself or its opposite. However, it is
possible for a statement to participate in one form
(or formula) with respect to another. I have shown
some examples of this relational mode of partici-
pation in the case of sameness and difference; the
linked propositions had an identical or contrary
truth value. Something similar happens with the
opposing forms of likeness (I) and unlikeness (I),
in which the formulae allow not just immediate
but also mutual or relational participation. In
H2, sameness and difference in particular are
used to identify the relationships of likeness and
unlikeness. Once again, the deliberate ambiguity
of the text and the absence of an explicit formal
language serve to confuse the reader:

So since unity is the same as the others, and
because it is different, on both grounds or
on either it is both like [Is+/ sb 6-1 sho] and
unlike the others [/ §+IsD 6-Isbo).

Of course.

So too in like manner for itself; since it
appeared different from itself and the same
as itself, on both grounds and on either it
will appear like [Is*] s 0-I sbo] and unlike
itself [ §+Isb o-Isbo).

Necessarily.??

The meaning of the text is clarified by the
symbols added in brackets. These are the same
formulae that were obtained above when consi-
dering identity and contrariety, now adding the
forms of likeness and unlikeness. The need for
symbolisation is clear. What is being stated, in a
free translation into less ambiguous language, is
the following:

Therefore, the one that is in its sameness,
and the not-one that is not in its difference,
will each by itself have likeness through
their reciprocal participation in difference
(5+IsD 6-Isbo). And if difference affects the
one that is and sameness affects the not-
one that is not, then they will separately be
unlike through their mutual participation
in the form that is the opposite of differ-
ence (5[ sb6-15bo). But when the one and
the not-one are linked as identical things,
they shall be mutually alike because of
this (Is'sb 6-sho), whereas they shall be
relationally unlike when they are grouped
together as things that are opposite to or
different from each other (1§55 6-sbo).

Of course.

Likewise, since the one that is, in its differ-
ence, and the one that is not, in its sameness,
have been shown to be contrary to each
other, will they not each separately have
likeness (5+1sb 0-Isho)? And won’t the one
that is, in its sameness, and the one that is
not, in its difference, be separately unlike
through the reciprocal effect of identity
(sl 5 01 sho)? Also, depending on the other
characteristic that must be assigned, i.e.
whether they are relationally alike or unlike,
won't the one be like itself in cases where the
groups are identical (Is+sh 0o-sbo) and unlike
when they are different (I5sb 0-sho)?

Necessarily.
In the lower segments, derived formulae that

individually participate in /ikeness are relationa-
Ily unlike, and those that are separately unlike
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are mutually alike. Despite Plato’s convoluted
method of presenting this idea, intertwining
immediate and relational uses of participation
in the forms of sameness and difference and in
likeness and unlikeness, it is a relatively simple
response to the aporia considered in Parmenides
132d-133a, in the introduction to the dialogue:

[...] these characters stand, as it were, as
paradigms fixed in the nature of things, but
the others resemble them and are likenesses
of them, and this sharing that the others
come to have of characters is nothing other
than being a resemblance of them.

Then if something resembles the character,
he [Parmenides] said, is it possible for that
character not to be like what has come to
resemble it, just insofar as it has been made
like it? Is there any device by which what is
like is not like to what is like?

There is not.

But what is like necessarily has a share of
one and the same character as what it is like?
Yes.

But will not that of which like things have a
share so as to be like be the character itself?
Certainly.

So it is not possible for anything to be
like the character, nor the character like
anything else. Otherwise, another character
will always make its appearance alongsi-
de the character, and should that be like
something, a different one again, and con-
tinual generation of a new character will
never stop, if the character becomes like
what has a share of itself.

You’re quite right.”3

The form of likeness and whatever partici-
pates in it share a new form of /ikeness, different
from the initial form, by virtue of which they are
mutually alike. If, in turn, anything participates
in this new emergent form of /ikeness, together
they will relationally produce another form of
likeness at a higher level; this process continues
indefinitely. This vicious cycle in an infinite
loop is one version of the Third Man Argument.
Plato counters it by requiring formulae that are
mutually alike to be separately unlike, and vice
versa when they are mutually unlike. By introdu-
cing this rule, he in fact prevents the property of

likeness from being used self-referentially, even
relationally, which is the cause of the regression
to infinity in the aporia.?*

This proposed technical solution will be
more relevant when there is a real need to
examine more complete higher-range formu-
lae. (If deduced relationally, sho- and sbo- will
participate immediately in /ikeness, while §bo-
and §bo- will participate in unlikeness.) With
a better overview of the formal framework, it
will be possible to try applying it to everyday
situations where like or unlike things are discus-
sed in natural language. At that time, it will be
particularly interesting to examine the examples
on friendship that are suggested in the Lysis dia-
logue, which are mixed in with the discussion on
pre-Socratic principles of likeness.>> A decision
will have to be made on whether symbolisation
can be used to interpret these examples in a way
that helps resolve the apparent contradictions
found at the end of that work.

The distinction between relational and
immediate participation produces specific apo-
riae for some of the more general forms; this
is what the first part of the Parmenides mainly
seeks to demonstrate. Strict rules must be set to
prevent paradoxes related to self-reference. As
with the forms of likeness and unlikeness, the
peculiarities of being and not-being, equal and
unequal, large and small, older and younger, etc.,
must also be considered, avoiding the predictable
objections.

6. Applying the modes of participation to
the generation of numbers in Parmenides
143e-144a

Due to the scope of the thesis proposed in
the previous paragraph, I will leave this matter
for future research.?® Instead, I will now look at
one final section of the Parmenides where the
distinction between relational and immediate
participation is also functional. Difficult and
sometimes ignored, the beginning of H2 looks
at the problem of the generation of numbers.
When considering “the one that is” in its parti-
cipation in difference (s bo), the forms of being,
the one and difference are separable and can
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be regrouped into a number of odd or even
terms.?’ Surprisingly, Plato appears to defend
the existence of some kind of correspondence
between combinations of oddness and even-
ness and each number:

So there will be even-times even numbers,
odd-times odd numbers, even-times odd
numbers, and odd-times even numbers.
True.

Then if this is so, do you think there is any
number left which must not necessarily be?

None whatever.28

The meanings that are usually attributed
to the expressions “even-times even number”,
“even-times odd number”, “odd-times even num-
ber” and “odd-times odd number” follow the
definitions given in Book VII of Euclid’s Ele-
ments: Definition 8 states that “an even-times
even number is that which is measured by an
even number according to an even number”.?
These are numbers that are products of two even
numbers, i.e. the series 4, 8, 12, 16, etc. Accor-
ding to Definition 9, “an even-times odd number
is that which is measured by an even number
according to an odd number”.3° In principle, this
would include all products of an even number
and an odd number; however, Book X Proposi-
tion 33 specifies that the number is “even-times
odd only” (and not “even-times even also”) if it
is the double of an odd number, thus producing
the series 6, 10, 14, 18, etc. The definition of
“odd-times even number” is believed to have
been a later interpolation from the Elements and
is not used anywhere in that work; it is usually
considered to indicate a certain type of even
number.3' If that is so, then Definition 10 is
problematic: “an odd-times odd number is that
which is measured by an odd number according
to an odd number”.3? It is believed that Euclid is
referring here to the product of two odd numbers

or, to put it another way, to composite odd num-
bers. This definition, which is also not found in
the Elements, cannot be used to complete the set
of all numbers because it does not include the
prime numbers. This is clearly a problem becau-
se, as shown in the previous quotation from the
Parmenides, Plato states that once the different
types of odd and even number are known, there
is no number left which must not necessarily be.

It may be misguided to interpret Plato’s
meaning based on an understanding of similar
expressions in Euclid’s work, which was written
later in time. In Plato’s work, odd and even are
opposing forms that therefore cannot be combi-
ned directly; they also indicate the objects that
are covered by these forms, the numbers, which
can be generated from each other.® It could be
argued that “even” means “half of all numbers”
and “odd” means “the other half of all numbers”,
thus including every number. However, the real
difficulty lies in unambiguously determining
each number starting from the odd and even
forms, using the possibilities offered by relatio-
nal participation in the same form or in its oppo-
site. How can this be done?

If the even half of all numbers is taken and
the first of these is separated out, the remaining
even numbers can then be regrouped, separating
them into an “even-even” series and an “even-
odd” series; only their odd or even positions with
respect to the first even number need to be con-
sidered. The same rule of division is then applied
to each branch obtained. After the first term of
the “even-even” series, the remaining terms of
this series are regrouped into “even-even-even”
or “even-even-odd”, and so on. The same proce-
dure is used for the odd numbers: after the first,
the remaining odd numbers are arranged into
odd or even positions, and each of them creates
new odd or even positions counting from there.
Table 2 shows the first few series:

Rev. Filosofia Univ. Costa Rica, LX (156), 157-171, Enero-Abril 2021 / ISSN: 0034-8252 / EISSN: 2215-5589



166 GERARDO OSCAR MATIA CUBILLO

Table 2
Numerical series for the first even and odd species

Even-even-even

Even-even (8,16,24,..)

48,12, ..) Even-even-odd

Even (12, 20, 28, ...)
(2,4,6,..) Even-odd-even
Even-odd (10, 18, 26, ...)

(6,10, 14, ...) Even-odd-odd

(14, 22, 30, ...)

Odd-even-even

Odd-even 9,17,25,..)

(5.9,13,..) Odd-even-odd

Odd (13,21,29,..))
3,5,7,..) Odd-odd-even
Odd-odd (11, 19,27, ...)

(711,15, ..) Odd-odd-odd

(15, 23,31, ...)

Looking at Table 2, it is easy to identify the
first term of each series. If 2 is taken as the first
“even” number, “even-even” indicates the num-
ber 4, “even-odd” indicates 6, “even-even-even”
indicates 8, etc.; if 3 is the first odd number, then
“odd-even” indicates the number 5, “odd-odd”
indicates 7, “odd-even-even” indicates 9, etc.
Therefore, the numbers participate in the forms
of odd or even both directly and in their mutual
relationships.?* This explanation makes it signi-
ficantly easier to use a formal treatment, in terms
of both set theory and mereology, of the Platonic
concept of number: the quantity of series is the
same as the quantity of natural numbers. The
recursive division of the even numbers into odd
and even series, and likewise for odd numbers,
allows a one-to-one correspondence to be defi-
ned between the first term of each series and the
natural number that immediately precedes it.>
It should also be recalled that the elements into
which sbo is divided follow the pattern 2" (where
n is a non-zero natural number) and constitute
a countably infinite set. A bijection can thus be
established between the terms of 5§ bo and those
of sbo, between the “parts” and the “whole”.

While it is trivial to prove this with set theory,
it is less clear when trying to prove it using the
resources that may have been available to Plato.
(It seems anachronistic to assume that this was
his intention in Parmenides 142d-145a.)

The interpretation described above allows
the generation of all of the numbers, including
those that are not covered by Euclid’s definitions,
without having to introduce assumptions from
outside of Plato’s philosophy. In particular, it
obviates the need to rely on distant sources of
Platonism such as Theon of Smyrna, who sees
one as an odd number and considers “odd-odd”
numbers to refer to the primes (“one times 5 is
5, one times 7 is 7, and one times 11 is 117).3¢ It
is difficult to fit this explanation in with Plato’s
words, and it contradicts his habit of treating the
one as the beginning or part of the number and
identifying this number with multiplicity.

There are many mathematical questions that
would be interesting to consider in the light of a
new reading of the Parmenides. Attempts to tac-
kle the paradoxes related to set theory have led
to the development of different concepts of class.
The Third Man Argument is very similar to some
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of these paradoxes. Plato’s strategy for confron-
ting it, by setting strict rules for the immediate
and relational uses of participation, deserves
more attention. (At the same time, the distinction
between the “whole” and the “parts” would have
to be looked at in relation to the concept of the
set.) Among other things, it would also be worth
exploring the problem of incommensurable mag-
nitudes and the mathematical infinite from the
perspective of H7 and its considerations of the
latter: by analysing the logical relationships of
the “not-one”, Plato argues that some pluralities
have no true unity or number. The mathematical
significance of this statement is made clearer by
recalling that this hypothesis discusses certain
“masses unlimited in multitude”, which appear
to have unity and to combine with each other
depending on the number, and even to limit each
other despite not having limits.>’

7. Conclusions

The logical tools developed in this article
contribute to a more comprehensive reading of
the framework of hypotheses in the Parmenides.
Their potential and efficacy have been tested
on different passages in response to problems
that other interpretations have been unable to
resolve. There are good arguments in their
favour, particularly considering Plato’s premedi-
tated effort to avoid providing any unequivocal
textual evidence that could be used to assign a
clear meaning to his arguments or to the dialogue
in general; this issue has not always been given
its due value, despite being the root cause of the
lack of agreement in the specialist literature.’®
A detailed philological examination of the texts
is not sufficient to untangle the knots of langua-
ge that are intended to affect and confuse the
reader’s powers of reason. The exercise on the
dialectic method that Plato provides as a model
must be technically reconstructed before moving
on to other questions. In that sense, this logical
device opens up a wide range of possibilities and
is essential for understanding the uncountable
arguments that make up the Parmenides, parti-
cularly if the consistency of the set is assumed.

S

Notes

This article was originally published in Span-
ish, with some changes, in the journal Endoxa.
Series Filosoficas (2019, (43), 41-66, doi: https:/
doi.org/10.5944/endoxa.43.2019.22385), which is
published by the School of Philosophy of the
Spanish National Distance Education Univer-
sity under a Creative Commons Attribution-Non-
Commercial-NoDerivatives 4.0 licence. Used
by permission. Translated into English by Katy
Robinson.

Books VI and VII of the Republic seem to
indicate that the use of “images” makes math-
ematical knowledge less valuable than dialectics;
however, it would be excessive to reject systems
of symbolic notation and diagrams that work
with the forms themselves for that reason. To
better understand Plato’s caution, consider his
method for working with physical magnitudes.
For example, when studying time, he is careful to
relate its quantity with the intelligible realm and
to identify representations of the past and future
with movements in the generated realm (see
Parmenides 151e-155¢ and Timaeus 37¢-38a), and
when dealing with the magnitude of a movement,
he separates the numerical calculation of dis-
tances and the position or place occupied by sen-
sibles into different domains. This method allows
velocities to be determined without obstruction,
making it easier to respond to paradoxes such
as Zeno’s arguments against motion. (See Matia
Cubillo (c)).

See Parmenides 142b-157b (second), 157b-159b
(third), 160b-163b (fifth) y 164b-165¢ (seventh).
This classification of the hypotheses based on
two incompatible interpretations of the one is
found in Cornford (1939, 109-115). Turnbull
(1998, 47-50) speaks even more explicitly of a
“Parmenidean Version” and a “Platonic Version”
when classifying the eight parts of the dialectical
exercise.

See Parmenides 136a-c.

See Philebus 16c-19b.

See Sophist 254d-255e.

Parmenides 142d-143a, translated by Allen
(1997). For this and other direct quotes from
Plato, I have transcribed the Greek text accord-
ing to Burnet’s edition (1900-1907): —Kai 6lov
&pa goti, 0 av &v 7, kol poprov Exet. —Ilavv ye.
—Ti ovv; TV popimv EkdTepoV TOVTOV TOD £VOC
&vtog, 10 & £v KAl 10 dv, Gpa dmoreinesOov f
70 8v oD £lvol popiov fj T Ov Tod £vdg popiov;
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—Ovk av €. —Ildhv dpa kol @V popiev
éxatepov 10 1€ £V Toyetl kai 10 dv, Kol yiyvetal
10 éAdyioTov €k Svoiv ob popioty T podplov,
Kol Kot TOV avTtov Adyov obteg dei, ftumep av
popov yévnrol, ToVTe® TO popio dsi ioyet: 1o
e yap £v 10 OV del {oyel kai T0 Ov 10 €v: dote
avaykn 80 el yryvopevov pndémote &v eivat.
—TlavTamact HEv ovv.

Parmenides 143b, trans. cit. Burnet (1900-
1907): —"Idmpev 61M: GALO Tt ETEPOV UEV AVAYKT
Vv ovciov odTtod eivar, Etepov 8¢ avtod, eimep
un ovoia 0 £v, GAN ®g £v ovolag PETECYEV.
—Avaykn. —Ovkobv &l €tepov pev 1 ovoia,
£tepov 8¢ 10 €v, obte @ £v 10 &v TR ovoiag
gtepov obte T ovoia givar 1) ovoio Tod £vog
GAA0, AL TO ETEPM TE KO AAL® ETEPA AAANA®V.
—II&vv pév ovv.

A discussion of the concepts of “parts” and
“whole” in the two referenced passages can be
found in the monograph by Harte (2002, 78-83).
While sympathising with mereology, the author
takes a broader perspective when studying these
two concepts. However, she does not identify
the expression “parts” with a combination of
difference, being and the one, but only with each
form separately. In her eagerness to emphasise
the dependency of the “parts” upon the “whole”,
she does not consider difference and identity as
connections to alternative formulae. In other con-
texts, the two terms do take on the meaning indi-
cated by Harte, distinguishing the formulae of
the lower segments from those of the higher seg-
ments, in the generated and intelligible realms.
It is perplexing that the innovative idea suggested
by Marcos de Pinotti (1997, 62, 69, 76, 80) has not
been explored from a logical perspective.

Cf. Vlastos (1995, 167, 170, 174 n. 13, 180-182).
In Parmenides 132b-c, Plato mentions the apo-
riae that result from conceptualism, which states
that forms are only thoughts. This means, among
other things, that under this assumption each
form is a thought of another thought-form, in an
implicit regression to infinity. As I have tried to
show elsewhere (see Matia Cubillo (a)), prevent-
ing formulae that belong to the higher segments
of the intelligible or generated realms from par-
ticipating directly in the form of not-being coun-
ters this version of the Third Man Argument and
gives being ontological priority over not-being.
Plato introduces the rule to follow when creating
formulae in the guise of an aporia. (Note that
Helming (2007, 323 n. 58) has argued, against
authors such as Rickless (2007, 75-80), that the

12.
13.

14.

15.

16.
17.

referenced text does not involve any regression to
infinity, and therefore he does not acknowledge
any “third man”.)

See Parménides 133c-d.

By distinguishing these two types of participa-
tion, it is possible to deal with controversies
regarding the axioms or principles of self-partic-
ipation and purity (by which a form cannot par-
ticipate in its opposite). Self-participation cannot
be applied to the forms immediately or directly,
but does apply to some of them relationally. The
axiom of purity is always valid for immediate
participation and in some cases for relational
participation. The principal of self-participation
has been discussed in the specialist literature.
The desire to resolve the contradictions that arise
from its inclusion in Plato’s philosophy is clearly
evident in Vlastos (1981, 335-365), especially
with regard to the Third Man Argument. A good
overview of the most controversial issues in the
criticism of the Parmenides was written by Rick-
less (Spring 2020).

The concept of mediate or relational participation
could also reopen certain parts of an old debate.
It would be bold to claim that this tool is essential
for the study of Plato, but in any case, its usage
certainly challenges the methods used in the
referenced studies to approach difficulties with
interpreting the dialogue.

Parmenides 147D, trans. cit. Burnet (1900-1907):
—To &v Gpo, ©g Eowkev, £1epdv 1€ TOV ALV
£€0Tlv ka1l €0wtod Kol TavTov ékelvolg te Kol
£00T@. —K1dVVELEL Paiveshat £k ye ToD Adyov.
Sophist 258d-e, translated by C. Rowe (2015).
Burnet (1900-1907): =011 6 pév mov gnoiv— Ov
Yap wimote TodTo Sapfi, elvol pn £6vTa, GAAL GV
168’ 4@’ 680D Silfictog eipye vomua. —Aéyst
yap odv obtwg. —Hueic 8¢ ye od pdvov To pm
dvto ¢ Eotwv amedeifapey, GAAY Kol TO £180¢
0 TuyYGvel Ov Tob pr dvtog ameenvipedo v
yap Oatépov Vol amodeifavteg oVoav Te Koi
KOTOKEKEPLATIOUEVNV ML TTAvVTa TO VIO TPOG
GAANAQ, TO TPOG TO OV EKOGTOV HOPLOV ODTTG
avtitifépevov Etolpnoapey gimelv ®g o0TO
70016 oty 6vtog o un Ov. —Koi movtdnaoi
ve, @ Eéve, 4AN0EoTOTA POt Sokoduev elpnrévar.
—Hpueic 8¢ ye 00 pdvov ta pn dvto Og oty dme-
deilapev, ALY Kol O 100G O TLYYAVEL DY TOD )
dvtog ameenvapeda.

See Matia Cubillo (a).

Fine (1993, 108-110, 112-116, 113 n. 53, 114 n.
55) distinguishes “opposites” from “negations”,
considering the former to be forms or properties
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(“genuine features of reality”), while the latter
are only “complements of properties or kinds”.
Fine admits that, for Plato, not-being is a form
in its own sense, but as long as no function can
be found to isolate it, she accepts the extended
interpretation that equates it to difference as one
and the same form.

Parmenides 160b-c, trans. cit. Burnet (1900-
1907): —Tic ovv &v &in abtn 1 vnddeoig, el &v
un oTv; dpd TL Stopépel THOOE, & p Ev )
Eotv; —Alopépetl pévtol. —Alapépet povov, fj kol
v TOVVOVTIOV £0TIV el €l pn €v un €0t 10D
el &v un Eotv; —Ilav Todvavtiov.

See, among others, Theaetetus 203a-204a, Soph-
ist 252e-253a, Statesman 277¢-278¢ and Philebus
17b. Cf. Metaphysics 1043b-1044a and 1045a-b.
See Sophist 256d-259d. Towards the end of the
passage, Plato specifies that in some sort of
fashion a thing is the same when it is different
and different when it is the same, where one of
the two is affected by what is said. 1t is fitting to
equate not-being with “what is said in words”.
(The table of values offered in the original Span-
ish version of the article has been revised.)

See Matia Cubillo (a).

Parmenides 148c-d, trans. cit. Burnet (1900-
1907): —Tavtoév te dpo Ov 10 v TOig dAAOLG
kol OtL Etepdv €oTl, KOT AUEOTEPE KOl KOTO
ékdtepov, Opoldv te av €in kol davopolov
toig GAAotc. —IIdvv ye. —Ovkodv kol £00T@
wdoavTeg, Eneinep Etepdv 1€ EavToD Kol TAVTOV
£00TO EQAvVT, KOT GUEOTEPA KOl KOTO EKATEPOV
Spotdv te Kol avopolov eavioetat; —AvEaykr.
Parmenides 132d-133a, trans. cit. Burnet (1900-
1907): —[...] 0 pev idn tadto donep Topadeiy-
poto €othvat €v i) edoet, ta 8¢ GAha TovTOIg
goucéval kol sivarl opoldpota, kol 1 pédefig
adtn toilg Ao YiyvesHat tdv €id®dV 00K GAAN
TG au«wenvm avtoig. —Ei ovv 11, Epn, Eotkev
0 £idet, 016V T £KEIvo TO £100¢ pn) dpotov eivar
@ elkachévtl, kad’ Soov avTtd Aeopol®On;
1 0Tt TIg unyavr 10 dpotov prn opoi® dpotov
gtvor; —OvKk Eott. —To 8¢ dpotov Td opoie ap’
o0 peyaAn avaykn €vog tod avtod [eidovg]
HETEXEWV; —AV(X’YKT[ —0% & av té Spoto peTé-
yovta Buota 7, ovk £kelvo Eotat avTd TO £100C;
—Iovténact pév ovv. —OvK dpa ol6v T8 TL T)
1de1 Bpotov sivar, ovdE TO £160¢ GAA®" &i 8¢ iy,
napd 1O £100¢ Gel A0 AVAPAVHCETOL E100C, Ko
av &Kkeivo T dpotov 1), £Tepov av, Kol ovdEToTE
nodoeTol GEl KOV €180¢ Yyvouevov, £dv TO
£160¢ T® £ovTod petéyovrl Spotov yiyvnrat.
—AM0éotarta AEyes.

24.

25.
26.
27.
28.

This argument can be developed by identifying
the well-formed expressions, starting from each
individual form and the types of participation.
Language and predication are relegated to not-
being and cease to obstruct the reasoning. What
is said and what is mutually participate in a for-
mula at a higher range where truth and falsity, or
their appearance, are decided (see Matia Cubillo
(a)). Therefore, when dealing with this aporia,
there has been no need to differentiate the form
(F-ness or @) from its use as a predicate (F). In
his classic study of the Third Man, Vlastos (1995,
167 n. 5, 183 n. 39) considered this distinction
to be logically and ontologically essential for
understanding the aporia. More recent opinions,
such as those of Pelletier and Zalta (2000, 167,
181-185), maintain this separation in the logi-
cal notation to prevent paradoxes like those of
Russell.

Cf. Lysis 213d-216b.

See Matia Cubillo (a; b; ¢).

See Parmenides 143a-d.

Parmenides 143e-144a, trans. cit. Burnet
(1900-1907): —Aptid 1€ Gpa ApTIaKIG GV €N
KOl TEPLTTO TEPITTAKLG Kol APTLOL TEPLTTAKLG KOl
neprrtd aptidkic. —Eotv obtm. —Ei odv tadta
obtmg &yet, olet Tva apBuov dmoreimesHar Ov
oK Avéykn eivar; —OvdoudS Ye.

Long-held tradition, going back to Aristotle (see
e.g. Metaphysics 987b), relates this passage to
the generation of numbers. Allen (1997, 265-
267) has argued that Plato is not discussing the
formation of numbers, but rather demonstrating
their existence and classification (excluding the
prime numbers); his arguments are largely phi-
lological. Turnbull’s contribution (1998, 73-79) to
the problem should also be mentioned. Turnbull
uses what he calls the “three machine”, which
can be equated to the formula § bo, to obtain the
sequence of dyads or pairs 3, 9, 27, etc.; he also
requires the “two machine”, which can be equa-
ted to the formula sho, to produce the progression
of simple terms 2, 4, 8, etc. By using different
combinations of these two “machines”, he is able
to construct the remaining numbers as dyads. His
solution can be adapted to involve the opposing
forms of identity and contrariety in the genera-
tion of numbers, but it cannot be used to deter-
mine them unambiguously. The same thing can
be seen in a paper by Scolnicov (2003, 105-106),
who suggests obtaining the prime numbers larger
than three by subtraction from even numbers.
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29. Elements VII def. 8, translation by Heath (1908).
(Aptiakig Gptiog apbuds €otv 6 Vo aptiov
aptOpodD PETPOVUEVOG KOTA GpTIOV AplOUdV).

30. Elements VII def. 9, trans. cit. (Aptidkig 0&
mEPLGGOG EGTV 0 VIO ApTiov APLORODd peTpovpLE-
VOG KOT( TEPLGGOV APLOUOV).

31. See Heath (1908, 282-284).

32. Elements VII def. 10, trans. cit. (Ilepiocdkig 8¢
TEPLGGOG APOLOS £5Tv 0 V7O mEPLGG0D Aptpod
LETPOVUEVOG KOTO TEPIGGOV APLOUOV).

33. See Phaedo 103a ff.

34. Cf Metaphysics 1004b.

35. The referenced series have the same cardinal-
ity: they are countably infinite sets. For even
numbers, each natural number can be made to
correspond to its double, and vice versa, with
each even number corresponding to half its
value. In the “even-even” series, the bijection
is established between the natural numbers and
four times their value; a similar bijection is pos-
sible for all other series. At this point, I cannot
help recalling D. Hilbert’s Infinite Hotel; no mat-
ter how complicated it is to prove, the set of all
terms in all of the series, however often they are
repeated, is also a countably infinite set.

36. Theon of Smyrna (1979, 15).

37. The Parmenides dialogue can corroborate some
of Alonso Alvarez’ theories (2012, 50-58) on
real numbers. Repeating the operation that leads
to calculating a number with infinite decimal
places produces a series of open intervals that
grow endlessly narrower; if the unity they share
is dispensed with as being somehow misleading
(which appears to follow from the reasoning of
the Parmenides in H7), the number disappears.

38. See Rickless (Spring 2020).
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