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Abstract

We show that elementary properties of associated Laguerre polynomials generate
the ladder operators for the harmonic oscillator radial wave function in two dimensions.
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Resumen

Demostramos que propiedades elementales de polinomios de Laguerre generan op-
eradores escalera para la funcién de onda del oscilador radial armoénico en dos dimen-
siones.
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1 Introduction

Let ¥arn (0, p) be the wave function of the two-dimensional harmonic oscillator (2DHO)
in polar coordinates with natural units(h = 1 and Mass=1), which can be expressed in its

radial and angular parts as [1]:
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with M =—-N,—-N+2,...,N —2, N where

2 N—m 1
RMN = CmNQme_%L%Em(Qz), CmN = [ (Nim)|:| 2, m 2 0 (2)
T\ )

and L} denoting the associated Laguerre polynomials [2].
Here we shall determine the ladder operators OiN, for the radial wave function(2),
such that:

Ryto N = OA;ENRmN7 (3)

employing only elementary properties of LL, that is, it is possible to construct OAf)EL N Without
the use of specific techniques as the factorization method [3-6].

2 Ladder operators for the 2DHO

From (2) we have that:

m+2 2
Rppoy = —mN O —pm (g2, (4)
(g 1) 2
but if we remember the known relations [2]:
d o\ _ _ratl BH1(, Y d\,p
T = L5, 1) = (1 ) KA, (5)
then (4) may be written as:
Crnv o™t _ d 1d 5
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From the associated Laguerre equation[2] it is immediate the expression:

d2 m 2 1+2my d m 2 m 2
G (09 = (20 =) IR () < AN )L (0D, (7)

and thus (6) adopts the form:

CmN Qme_% {(1+m)i m 2 — m)L™ 2
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but (2) implies that L'y _,, (¢*) = & ~ e Ry, then (8) leads to (3) with:
2 m
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A similar process permits to deduce the other ladder operator:

mN —

A m—1 <m N+1 1d

" VN +m)(N —m+2) >RmN' (10)

? m—1" odo

The radial wave function for the Coulomb potential is in terms of L%, to see [7,8],
method here showed is applicable to obtain its ladder operators, which represents an

alternative procedure to another techniques [9,10].

References

Wallace, P.R. (1984) Mathematical Analysis of Physical Problems. Dover, New York.

Abramowitz, M.; Stegun, I.A. (1972) Handbook of Mathematical Functions. John
Wiley and Sons, New York.

Infeld, L. (1942) “A generalization of the factorization method of solving eigenvalue
problems”, Trans. Canad. Roy. Soc. Ser. I1I 36: 7-18.

Infeld, L.; Hull, T.E. (1948) “The factorization method, hydrogen intensities and
related problems”, Phys. Rev. 74: 905-909.

Infeld, L. (1949) “The factorization method and its application to differential equa-
tions in Theoretical Physics”, Proc. Symp. Appl. Math. 28: 58—65.

Infeld, L.; Hull, T.E. (1951) “The factorization method”, Rev. Mod. Phys. 23: 21-68.

Lépez-Bonilla, J. ; Morales, J.; Rosales, M. (1995) “Hypervirial theorem and matrix
elements for the Coulomb potential”, Int. J. Quantum Chem. 53: 3-7.

Bautista-Moedano, M.; Lépez Bonilla, J.; Morales, J. (2006) “Matrix elements (ns/s |
7% | n1ty) for the Coulomb interaction”, Apeiron 13(1): 34-42.

Gaftoi, V.; Lépez Bonilla, J.; Pena, J.J. (2000) “Ladder operators for the Coulomb
potential”, Indian J. Phys. B74: 171-172.

Martinez, R.P.; Romero, Y.; Nunez-Yépez, H.N.; Salas-Brito, A.L. (2007) “Algebraic
approach to radial ladder operators in the hydrogen atom”, Int. J. Quantum Chem.
107: 1606-1613.



