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Abstract

The purpose of this paper is to investigate the frequency polygon as a density esti-
mator for stationary random fields indexed by multidimensional lattice points space.
Optimal bin widths which asymptotically minimize integrated errors (IMSE) are de-
rived. Under weak conditions, frequency polygons achieve the same rate of convergence
to zero of the IMSE as kernel estimators. They can also attain the optimal uniform
rate of convergence under general conditions. Frequency polygons thus appear to
be very good density estimators with respect to both criteria of IMSE and uniform
convergence.
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Resumen

El propdsito de este articulo es el de investigar el poligono de frecuencias como
estimador de densidad para campos aleatorios indexados por un espacio de puntos en
un reticulo multidimensional. Se deriva la anchura éptima del compartimiento que
asintéticamente minimiza los errores integrados (IMSE, por sus siglas en inglés). Bajo
condiciones débiles, los poligonos de frecuencia alcanzan la misma tasa de convergencia
hacia cero del IMSE como estimadores de ntucleo. También pueden alcanzar la tasa
Optima de convergencia uniforme bajo condiciones generales. Luego, los poligonos de
frecuencia parecen ser entonces muy buenos estimadores de densidad con respecto a
ambos criterios, de IMSE y convergencia uniforme.
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1 Introduction

Our goal in this paper is to study frequency polygon as a density estimator for random
variables which show spatial interaction. We sense a practical need for nonparametric
spatial estimation for situations in which parametric families cannot be adopted with
confidence. The frequency polygon is constructed by connecting with straight lines the
mid-bin values of a histogram. So, the computational effort in constructing the frequency
polygon is about equivalent to the histogram.

Denote the integer lattice points in the N-dimensional Euclidean space by ZV, N > 1.
Consider a strictly stationary random field {Xy,} indexed by n in ZV and defined on some
probability space (2, F, P). A point n in ZV will be referred to as a site. For a site i, we
denote ||i|| = (i2 + -+ + z'?v)lp. We will write n instead of n when N = 1. For two finite
sets of sites S and S’, the Borel fields B(S) = B(Xp,n € S) and B(S") = B(Xn,n € 5)
are the o-fields generated by the random variables Xy with n ranging over S and S’
respectively. Denote the Euclidean distance between S and S’ by dist (S,5”). We will
assume that Xy satisfies the following mixing condition: there exists a function ¢(¢) | 0
as t — oo, such that whenever S, 8" c ZV,

a(B(S),B(S")) = sup{|P(AB) — P(A)P(B)|, A € B(S), B € B(5")} (1)

< h(Card(S), Card(S"))e(dist (S, 5")),

where Card(S) denotes the cardinality of S. Here h is a symmetric positive function
nondecreasing in each variable. Throughout the paper, assume that h satisfies either

h(n,m) < min{m,n} (2)

h(n,m) < C(n+m + 1)F (3)

for some k > 1 and some C > 0. If h = 1, then Xy, is called strongly mixing. Conditions
(1.2) and (1.3) are the same as the mixing conditions used by Neaderhouser (1980) and
Takahata (1983) respectively and are weaker than the uniform mixing condition used by
Nahapetian (1980). They are satisfied by many spatial models. Examples can be found in
Neaderhouser (1980), Rosenblatt (1985) and Guyon (1987). For relevant works on random
fields, see e.g. Neaderhouser (1980), Bolthausen (1982), Guyon and Richardson (1984),
Guyon (1987), Nahapetian (1987), Tran (1990), Tran and Yakowitz (1993), Carbon, Hallin
and Tran (1996), Carbon, Tran and Wu (1997).
Denote by I, a rectangular region defined by

In={i:iezV¥,1<i,<nyk=1,... N}

Assume that we observe {Xpn} on Ip.
Suppose Xy, takes values in R and has an uniformly continuous density f. We write
n — oo if
min{n;} — oo and |n;/ng <C (4)
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for some 0 < C < 00, 1 < 5,k < N. All limits are taken as n — oo unless indicated
otherwise.
Define n =ni...ny.

Under weak dependence conditions, frequency polygons are shown to achieve the rate
of convergence to zero of order n~%/® with respect to the criterion of IMSE. In the case
N =1, histograms can only achieve the slower rate of convergence of the IMSE of order
n~2/3. Tt is also established that frequency polygons attain the uniform rate of conver-
gence (n~'logn)'/3 under appropriate smoothness conditions. This is the optimal rate
of convergence for nonparametric estimators of a density function in the i.i.d. case (see
Stone (1983)). We here obtain similar results for random fields. Frequency polygons thus
appear to be very good density estimators with respect to both criteria of IMSE and
uniform convergence. For background material on frequency polygons, see Scott (1985).

Our paper is organized as follows: Section 2 provides some preliminaries and back-
ground material. The optimal choice of the bin width which asymptotically minimizes the
integrated mean square error is derived in Section 3. Theorem 3.1 generalizes results of
Scott (1985), and Carbon, Garel and Tran (1996). In Section 4, the asymptotic variance
of the frequency polygon fy, is obtained. Weak conditions for the uniform convergence
of fn on R are obtained in Section 5. Finally, sharp rates of uniform convergence are
established in Section 6.

We use = to denote a fixed point of R. The integer part of a number a is denoted by
[a]. The letter C' will be used to denote constants whose values are unimportant. The
letter D denotes an arbitrary set in R.

Denote Wy, = max (b; (log fu(fb)~1)/?).

2 Preliminaries

Consider a partition -+ < z_9 < z_1 < g < 11 < T < --- of the real line into equal
intervals I, = [(k — 1)b, kb) of length b = by, where by, is the bin width. Without loss
of generality, we assume that there is a mesh node at zero. Consider the two adjacent
histogram bins Iy = [—b,0) and I; = [0,b). Denote the number of observations falling in
these intervals respectively by vg and v. The values of the histogram in these previous
bins are given by fo = vpn 167! and f; = vya~1b~!. The frequency polygon fn(x) is
given by

fulz) = (%—%) fo+<%+%> fi for <<t (5)

We assume that b tends to zero as n — oo. Define

1, if X; e Ik(x)§
Yig(e) = {O, otherwise.

Then,
vy = Z Yio(z) and v = Z Yii(x).

icIln i€ln

Let U = u(X;) and V = v(Xj), where u and v be are real-valued measurable functions.
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Lemma 2.1 Suppose that |u| < Cy and |v| < Cy where Cy and Co are constants. Then
|EUV — EUEV| < Ch(Card(S), Card(S"))p(dist (S, S")).

Lemma 2.2 Suppose that |U||, < oo and |[V|, < oo where ||Ul, = (EJUNHY". If
rl4s P+ hl =1, then

|EUV — EUEV| < C||U|| |V || ,{h(Card(S), Card(S"))e(dist (S, S"))} /™.

One or both of r and s can be taken to be oo for bounded random variables. For the
proof of the Davydov inequality in Lemma 2.2, see Davydov (1970), Deo (1973), Hall and
Heyde (1980) or Tran (1990).

Denote 7; () = Yix(z) — EYig(z).

Corollary 1 For each integer k, there exists some & € Iy, such that

(i) leov(rr (), m3,6(x)| < C(f(EID)* (2 (lli =12,
(ii) [cov(min—1(x), mjx(@)] < C(f(EID)? ((li = 1))

Proof. (i) Taking r = 2,s = oo and h = 2, Lemma 2.2 leads to the following result: if
E|U|* < +00 and P(|V| > 1) =0, then

|EUV — EUEV| < C||U |y {e(lj — i])}"/2.
Taking U = Yj x(x) and V =Yj ;(x), then
[Ully = (BYix)"? = (P[X1 € L)Y? = (f(&)0)"?, where &, € I

The proof of (i) thus follows.
(ii) The proof can be handled in the same way. Note that £ is independent of i and
j O
Denote the conditional density of Xj given X; by fj; for simplicity.
Assumption 1. For all i, j and some constant Mj,

sup  fyi(ylz) < M.
(z,y)eRXR
Example. In the case N = 1, let X; be a stationary autoregressive process of order 1,
for example, X; = 0X;_1 + e; where |f| < 1. Asssume the e;’s are i.i.d. random variables
and each e; has a standard Cauchy density. Then

X;=0"""X; + Z,

where Z is a Cauchy r.v. independent of X; (see Example 2.1 in Tran (1989)) with
characteristic function

exp(—ul(1 677" /(1 - 0))
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The conditional density of X; given X; is equal to
Fii(xjle) = fz(e; — 607 'z;).
A Cauchy density symmetric about zero takes on its maximum value at zero. Thus we

can take
1

)

Lemma 2.3 If Assumption 1 is satisfied, then
[ [ s - f@s) dedy < MpG win Gen ()
kx1k

Proof. Since f is uniformly continuous and integrable,

sup f(z) = || f]| < oo
zER

By Assumption 1,

//1 ; |fij(@y) = f(2)f(y)| dedy
= //Ikx[k F@) | fs(le) = f(y)| dzdy

<Mb [ f(x)dr,
I,

where M can be taken to be max{Mj, || f||}. The lemma follows by the mean-value theo-
rem. O

3 Integrated mean squared error and optimal bin width

For convenience, we define the roughness of the k-th derivative of f by
o0 i 9
R = [ 1@
and

= f(x) dx.
I,

As usual, the IMSE is defined as the sum of two terms: the integrated pointwise squared
bias, and the integrated pointwise variance. Define

1
tin = o Z#: cov (71,0, 75,0)
17])
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Gon = —21 5 Y cov(mi1, mi1);
n b ‘;é. k] ’
17)

1
T = =573 %: cov (1,0, Mj5,1)-
17])

Lemma 3.1 The variance of the frequency polygon fn(z) defined in (5) is given by

1 =z 1

varfu(r) = <§ - 3)2 [ﬁ—bgpo(l —po) + %n}

1 z\’r1 1 2? PoP1
+<§—|—3> [ﬁ—lﬂpl(l_pl)‘i'Qﬁn] +2<Z_b_2> [_ﬁ—l)z+Q3n .

Proof. From the expression of the frequency polygon (5),

1 x\? 1 x\? 1 2?
var fn(x) = (5 - Z) var fo + (5 + Z) var f1 + 2(1 — ﬁ)cov(fo,fl).
Clearly,
1
var fy = ﬁ2—b2var Z Yio
i€ln
with
Var< Z Yi,o) = Z var (Yi,0> + ZCOV(YLO, Yjo0)
icln i€ln i#£j
= npo(1 —po) + »_ cov(ni o, 75,0)-
i#]
Similarly,
1
varfi = o var D Yia | =mpi(1=p1) + ) cov(mi,mi)-
icln iZj
We get also

1 1
cov(fo, f1) = ﬁ2—b200V< Z Yio, Z Y‘,l) = 222 Z cov (Yio, Yi1) + gan.

iEIn jEIn iEIn

But,
cov (Yio, Yi1) = E (YioYi1) — E (Yio) E (Yi1) = —popi-

Summing up, we get (8).
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Define
wie = max ((£(60))"% MF(G)) - ®)

Lemma 3.2 Assume that (k) = O(k™P) for some p > 2N + (3/2). Let 0 < ¢ <
(2N —1)(8N —1)"'. Then
in + gon + @3n < CRTH™HEwg,

Proof. By Corollary 1 and Lemma 2.3

lcov (1,0, 13,0)| < min{C(f(&))"26" (@ (|l — 3I))"2, M f(Co)b?}.
Define

S, = {ijely | 0<]|i—j| <Kn}
So = {ijeln | [i—j|l> Ka}

Split Z ‘ cov (s 0, nj70)‘ into two separate summations J; and Js over sites Sy and Ss.
i)
Then
Z ‘ COV(Ui,oaﬁjp)‘ < i+ Jo.
i#j
Now, we have the following majorizations

B= 3 [eovtmo,mo)| < MFG) D 0 < MK

i,j€S1 i,jest

Let KY = b(=9)/N_ Thus

Ji < Mf(¢o)n bt (9)
Let now v = 5 11t2€€ . Clearly
Jo o= ) ‘COV(ni,oa??j,o)‘
i,j€S2

< C(FENY0M2 YT (ellli— It

i,j€S2
< C(fE)Y 02 a YT (el

i[|> Kn
< C(fE) 2P arRg” > 1 (e(lil)

Ii|> K n

1
Since 0 < & < (2N — 1)(8N — 1), we have v < N — 1 Thus

Sl () < Y iGN < fog
[[i||>Kn =1
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since p > 2N +3/2. Finally
Ty < C(f(&) P02 KLY < O (£(&)) /20!

and

Z ‘ cov(ni0,mj,0)| < Cwond'+e

iZj
Thus ¢in and similarly gon are bounded by Cwon~!b~1*+¢. Using Corollary 1 (ii) and a
slight variation of (6) it can be shown that g3y, is bounded by the same quantity. O

Assumption 2. f is twice continuously differentiable; f” is absolutely continuous with
respect to the Lebesgue measure on R; fY2 e L', f'f'2ec L', f® cL? for
kE =0, 1, 2, 3. The following Lemma (see Scott (1985, p.350)) will be needed in the

sequel

Lemma 3.3 Suppose that ¢ is absolutely continuous on (—oo, 00) with almost everywhere
derivative ¢ and that ¢, ¢' € Lq. Let ¢}, be an arbitrary point in bin Ij,. Then the following
sum exists and may be approximated by an integral

[e.e]

> s = [ o+ 00 ).

k=—00

Lemma 3.4 Suppose Assumptions 1 and 2 are satisfied, and suppose that (k) = O(k™")
for some p > 2N + (3/2). Let € be as defined in Lemma 3.2. Then

400 9
' /_ varfa(e) di — 2| < L Ro(f) (10)

OGO o+ N2 N+ 0" Nallf ll2] + A7 7 L2 + [ £11]).

Proof. Define my = f(&x). By integration, we obtain from (8) the following result

o2 b/mo mé bymi  mi b momy
/_b/2 var fn(2) dng(ﬁb " +q1“)+§<ﬁb " h +‘”“>+§(_ h + )

b b
(mg +m3 +mom1) + g((hn + G2n + q3n).

1
= (mo+m1)— 3

3n
By Lemma 3.2,
(b/3)(qin + Gon + q3n) < CH~ b wy.

Now, sum over all bins. Observe that
+oo
—o0

kab:Zpk:/ f(x) dz = 1.
k k
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With the help of Lemma 3.3 with ¢ replaced by f2, we get

Y omib =Y f(&)b = Ro(f) + OOI(f*)l) = Ro(f) + OIIf 211 ']l2).
k k

Using the definition of wy, in (8) and Lemma 3.3,
> b < 20+ I f1 0 (b (11 + 121 )
k

and (10) follows. O

Lemma 3.5 If Assumptions 1 and 2 hold, then

too 49 " n
[ binsto)? do = 5 b Balh) + O (B 1171). (1)

Proof. Let J, = [((k — (1/2)b), ((k + (1/2))b) be the k-th frequency polygon bin. If z is
a fixed point in Jy, then

bias(z) = 17 <% - %) 7(@) + 5t <% " %) (6 ~ g2 f(E)

where &y, &1, & are points in Jy. Lemma (11) follows by summing up the integrals of the
square of the biases over each bin as done in Scott (1985). O

Theorem 3.1 If Assumptions 1 and 2 hold and ¢(k) = O(k™") for some p > 2N +(3/2),
the value of the bin width that asymptotically minimizes the IMSE of the frequency polygon

18
15 1/5
b=bp=2( —s—x) n/s
<4932(f)>

with corresponding

R (N ajs | e
is ) n +0(n ).

5
M E:—(
SE =13

Proof. The IMSE is found by combining the results of Lemmas 10 and 11. The leading
terms of the IMSE are found to be

2 49
_|_

4
3hb 2,880b Ra(f)-

It is thus sufficient to minimize this function with respect to b. O
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It follows from Theorem 3.1 that frequency polygons can achieve the rate of convergence
to 0 of order n~%® with respect to the criterion of integrated mean square error. This is
the same rate of convergence to zero of the IMSE of non-negative kernel estimators in the
case N = 1.

Remark 3.1. It is possible to obtain Theorem 3.1 without the assumption of the third
derivative of f in Assumption 2. Let Iy = [(k — 1)b, kb] and J = [(k — .5)b, (k + .5)b],
k=0,£1,£2, ... . Let A be the probability measure associated with f. For any x € Jy,
Elfa(X) = f(X)] = (k+.5—2/b)AIk)/b+ (=k + .5+ 2/0)A(L+1)/b — f(z)
= Ti(z) + Tox(z) + Ts(2),

where we denote
Tig(z) = (k+ .5 —z/b){ALk) /b — f((k — 5)b)},
Tog(z) = (=k + .5+ z/0){A(Ik+1)/b — f((k + .5)b)},
Tsp(x) = (k+.5—2/b)f((k—.5)b) + (=k+ .5+ x/b)f((k+ .5)b) — f(x).
Note that )
/ () 2dz < OB / / (b + (1 — £)(k — 5)b)Pdu dt.
Ji I, Jo

Define
Q(f", u,€) = sup{|f"(u+ h)| : [h] < €}.
If we assume that either

o
lim Q2(f" u, €)du < oo,
e—0 o

or
o0
Sup/ Q2(f", u, €)du < oo.
0<e<lJ -0

Then it follows that >°_ ka [Ty1(z))2dz < 0o by noting that

1
2 /z /0 (b + (1= t)(k — 5))Pdudt < oc.

—oo<k<oo

This argument takes care of the term T (z) and Toy(x). Similar arguments can be used
to handle Ts(z).

4 Asymptotic variance of f,
Assumption 2*. There exists a constant C' > 0 such that

|f(33)—f(33/)|§0‘x—x/‘ for z,2' € R.
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Theorem 4.1 Let x be a point of the interval [—b/2, +b/2). If Assumptions 1 and 2* are
satisfied and (k) = O(k™P) for some p > 2N + (3/2), then

2
nbovarfa(r) — <1 + 20

: b—2> f(z) — 0.

Proof. Without loss of generality, take x € [-b/2,b/2). By (8)

3 12\ [po(l—=po) .
abvarfa(@) = (=—2) |P2U2Y 4 Aabgr, (12)
2 b b
1 2\’ [p(1—p1) . 1 a? pop1 | .
+<§+g> [f‘i‘anml +2 12 [—T"‘an?m]-

By Lemma 3.2,

. 1 2\? 1 z\? 1 a?

nb <§—E> qin + <§+E> Q2n+2<1_b_2> @3n| < Cb°wo. (13)

Since pg = fEb f(u) du, Assumption 2 implies that
max{0, f(z)b — Cb*} < po < f(z)b+ CV>.
Thus
max{0, f(z) — (C+ f2(2))b + C*6°} < po(1 —po)/b < f(a) + (C — f*(x))b+ C*°. (14)
Notice that (14) holds also when py is replaced by p;. Using (12)-(14),
max {o, (1 + %> fla) A} < fbvarfu(z) < (1 + 2—”“’2> f&)+ B
2 b2 2 b2
with
A= [C (% + 2b—”f> + 4b—x22f2(x)] b— (1 — 4bi22> Cf(z)b* — C%b® — Ch*wy
and

1 222 42 42? R

The lemma follows easily, because A and B tend to 0 as n — oo. O
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5 Uniform convergence of the frequency polygon estimator

Define
1 =z

Aj(z) = (Ab)~! [(5 - g)ﬂi,o(ﬂ?) + (% + %)nig(ﬂ?)} ; (15)
In(x) = Y E(Ai(x))* and Rn(z) = > Y |Cov{A(x), Aj(z)}

i€ln j€Ini€ln

iy # ji for some k
Lemma 5.1 If (k) = O(k™") for some p > 2N + (3/2), then
lim 0b(Iy(z) + Ra(x)) < C,
where C' is a constant independent of x.

Proof. Lemma 5.1 follows by a careful analysis of the proof of Lemma 3.2.

The following lemma of Rio (1993) will be needed in the sequel. Its proof is found in
Rio (1995) (see Theorem 4).

Lemma 5.2 Suppose A is a o-field of (2, F,P) and X is a real-valued random variable
taking a.s. its values in [a,b]. Suppose furthermore that there exists a random variable U
with uniform distribution over [0,1], independent of AV o(X). Then there exists some
random variable X* independent of A and with the same distribution as X such that

E|X — X*| <2(b—a)a(A,o(X)).
Moreover, X* is a AV o(X) V o(U)-measurable random variable.

The approximation of strongly mixing r.v.’s by independent ones used later is presented
below.

Lemma 5.3 Suppose Si, Sa,...,S, be sets containing m sites each with dist(S;, Sj) > & for
all i # j where 1 < i <r and1 < j <r. Suppose Y1, Yo,....Y,. is a sequence of real-valued
r.v.’s measurable with respect to B(S1), B(S2),...,B(S,) respectively and Y; takes values in
[a,b]. Then there exists a sequence of independent r.v.’s Y{*, Y5',....,Y,* independent of Y1,
Ys,...,Y, such that Y;* has the same distribution as Y; and satisfies

T
Y B = Y| < 2r(b— a)h((r — 1)m, m)p(5). (16)
i=1
Proof. Suppose d;,j > 1 is a sequence of i.i.d. uniform [0,1] r.v.’s independent of Y}, j >
1. Define Y|* = Y;. By Lemma 5.2, for every ¢ > 2, there exists a measurable function
fi such that Y;* = f;(Y1, ..., Y:, d;). In addition, each Y;* is independent of Y7, ...,Y;_1, has
the same distribution as Y; and satisfies

ElY; =Y <2b—a)a(o(Yy: £ <i—1),0(Y;)) <2(b—a)h((i — 1)m,m)p(9).
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The last inequality follows by using (1). For 1 <4 < r, we have h((i—1)m,m) < h(rm,m)
since h is nondecreasing in each variable as stated in the introduction and (16) follows by
summing upon 1 <¢ < r.

It remains to show that Y}*,...,Y are independent. To prove this it is sufficient
to show that Y;* and (Y}*,...,Y;" ) are independent for i > 1. Note that (Y7,...,Y;),
d1,...,0; are independent. Thus (Y1,...,Y;,d;), d1,...,0;—1 are independent. Since Y*
is a measurable function of Y1,...,Y;, d;, it follows that (Y;*,Y1,...,Y;—1),01,...,0,—1 are
independent. Now Y;* is independent of Y7,...,Y;_;. Hence Y;*, (Y1,...,Y;—1),61,...,0i—1

are independent. Finally Y* and (Y7*,...,Y;* ) are independent since (Y,...,Y;* ) is
measurable with respect to the o-field generated by Yi,...,Y;_1,01,...,0;—1. O
Define
ng
Sa()= D Aja). (17)
ip=1
k=1,.,.N
Then
Sn(z) = fu(z) — E fa(x). (18)

Without loss of generality assume that n; = 2pg; for 1 < ¢ < N. The random variables
Aj(x) can be grouped into 2Vg; x ga x ... X g cubic blocks of side p. Denote

24k +1)p
Ul,njz)= Y. Ax), (19)
1p=2jkp+1
k=1,...N
(2jx+1Dp 2(jN+1)p

U(2,Il,j,l‘) = Z Z Ai($)7

1, =2jkp+1 in=(2jn+1)p+1
k=1,...N—1

(2jx+1)p 2(jn—1+1)p (2in+1)p

U3,n,j,z) = Z Z Z Ai(zx),

ir=2jkp+1 iy_1=(2jN-1+1)p+1 iN=2jNp+1

=1,..,IV—

(2x+1)p 2(in—1+1)p 2(in+1)p

U(4,Il,j,l‘) = Z Z Z Ai(x)a

1=2Jkp+1 in_1=(2jn_1+1)p+1in=(2in+1)p+1
k=1, N—2

and so on. Note that

2(jp+1)p (2in+1)p

U@V n,j,x) = Z Z Ai(z).

=2k +1)p+1 in=2jnp+1
=1,...

Finally
2(jk+1)p

U@2N n,jx) = > Ai(x).
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For each integer 1 < i < oN , define

qr—1
T(n,i,z)= Y Uli,n,jz).

Jk=0
k=1,..,N

Clearly
2N
Su(z) =Y T(n,i,x). (20)
i=1

The blocking idea here is reminiscient of the blocking scheme in Tran (1990) and Politis
and Romano (1993).
Without loss of generality we will write all for i = 1. Now, T'(n,1,z) is the sum of

T=qL XqaX...XQgN (21)

of the U(1,n,j,z)’s. Note that U(1,n,j,z) is measurable with the o-field generated by X;
with i belonging to the set of sites

{i:2p+1<i < (2 +1)p, k=1,...,N}L

These sets of sites are separated by a distance of at least p. Enumerate the r.v.’s
U(1,n,j,z) and the corresponding o-fields with which they are measurable in an arbitrary
manner and refer to them respectively as Y7,Y5,...,Y, and S1,59,...,5,. Approximate
Y1,Ys,...,Y, by the r.v.’s Y, Y5, ..., Y" as was done in Lemma 5.3. Clearly,

V;| < Cp™ (b))~ (22)

Denote
en = n(logn(nb) )"/,

where 7 is a constant to be chosen later.
Define oy, = bh(i, p™)p(p)(log ﬁ(flb)_l)_l/2.

Lemma 5.4 Given an arbitrarily large positive constant a, there exists a positive constant
C such that

P [sup |T(n, 1, x%)| > sn} <COh a4 anb !
xeD

Proof. Since T'(n,1,z) is equal to >, Y;, we have
T T
PT(n,1,2)| > en] < P||D V7| > nf2| + P[ Y1V = Y7 > en/2]. (23)
i=1 i=1

We now proceed to obtain bounds for the two terms on the right hand side of (23).
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By Markov’s inequality and using (16), (22) and recall that the sets of sites with respect

to which the Y;’s are measurable are separated by a distance of at least p,

T

Z lY; = Y| > sn] < Crp™ (b)) " h(, p™M)o(p)eg! ~ om.

i=1

P

Set
An = (Rblogn)'/?,

=[]~ ()"

A simple computation yields,

AnEn = nlogn,

and by Lemma 5.1

> E(Y;")? < Cib(In(x) + Ru(x))logh < Clog .
=0

)\2

n

Using (22), we have [A\,Y;*| < 1/2 for large n. Applying Berstein’s inequality,

P|:|§Y;*| >€n] < 26Xp<—Angn+Ai;E(Y2*)2>
< 2exp((—n+ C)logn) <a~,

for sufficiently large n.
Combining (23), (24) and (27),

Plsup |[T(n,1,2)] > en] < CO '™ + and™t).

zeD
Denote
p+3N N—p
h=—%v, b=
p— 3N p— 3N
3N +p N-—p
lg=———"—, Ogy=——"8-—¥——.
p— N —2NEk p— N —2kEN

Theorem 5.1 Suppose ¢(k) = O(k™") for some p > 0 holds.
(i) If (2) is satisfied and

0’ (log n)?? — oo,

(i1) or if (3) is satisfied and
0% (log )% — oo.

(24)

(25)

(26)

(28)

(29)
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then
sup |fn(z) — Efn(z)| = O((log ﬁ(ﬁb)_1)1/2) in probability. (30)
zeD
Remark 5.1. For (28) to hold it is necessary that p > 3N since b = b, goes to zero.
Hence 0; > 1 and (28) implies
nb — oo. (31)
which is a condition for fy(x) to converge to f(z) in the case N = 1.

Similarly, it can be shown that (29) implies (31).

Proof of Theorem 5.1.
(i) To complete the proof, we will show that b='h~® — 0 and anb™! — 0.
(31) implies b~'H~% — 0 for a > 1.

Moreover
bLi® ~ p (BN =P)/2N (8N =p)/2N | =~ (N—p)/2N (32)

and (28) is equivalent to (amb_l)_1 — 00, which implies ayb™! — 0.

The proof of (ii) is similar. O
Theorem 5.2 Suppose p(k) = O(k™") for some p > 0 and Assumption 2* hold. If (2)
and (28) hold, or (3) and (29) hold, then

sup | fn(z) — f(x)| = O(¥y) in probability.
zeD

Proof. By assumption 2%,

sup [Efn(@) = f(z)| < Cb (33)
re
The proof follows easily from Theorem 5.1 and (33). O

Example 5.1.

(i) Take b = Ch~'/5 where b is the optimal bin width derived in Section 3. Then (28)
is satisfied if p > 9N/2, and (29) is satisfied if p > 2N + (5Nk)/2.

(ii) Take b = (A~ !log fl)l/3. Then ¥,, = (d~!log fl)l/s, which is the optimal rate for

the i.i.d. case for N = 1. Then (28) is satisfied if p > 6N, and (29) is satisfied if
p>3N + Nk.

6 Rate of the a.s. convergence of f,

Let € be an arbitrary small positive number and denote g(n) = sz\il (log n;)(log log n;) e,

Clearly, > % < 00, where the summation is over all n in ZV.
Define
V" p—5N’ 2 p—5N
gt — p+ 3N B N—p

ST o @k+3)N T p—(2k+ 3N
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Theorem 6.1 Suppose ¢(k) = O(k™") for some p > 0 and Assumption 2* hold.
(1) If (2) is satisfied and

fib (log )% (g(n)) >N/ - o, (34)

(ii) or if (3) is satisfied and

fibe? (log )i (g(n)) ~2N/ (- GREIN o (35)
then
sup | fu(x) — £(z)] = O(Up)  a.s. (36)
x€D
Proof.

(i) Condition (34) is equivalent to

b~ ayng(n) — 0,

which entails

Z b lay, < oo

ncZN

The theorem folllows easily by the Borel-Cantelli lemma and (33).

(ii) The proof of (ii) is similar to that of (i) and is omitted. O
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