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72 E. ALVAREZ

Abstract

We aim to fit 4-state sequences of DNA characters from three species
to a tripod tree, whose evolutionary model is Jukes-Cantor. For this pur-
pose, we adapt the closest tree method used in the fit of 2-state sequences
coming from four species to a quartet, where the states are purines and
pyrimidines and the evolutionary model is CFN. The adaptation requires a
multi stage methodology called ‘reduction process’. We take the frequen-
cies of 2-state character patterns on the quartet as parameters and search
for solutions to the fit.

Keywords: closest tree method; Hadamard conjugation; phylogenetic
reconstruction; observed data fitting; reduction process; the Grobner cover al-
gorithm.

Resumen

Nuestro objetivo es adaptar secuencias de caracteres de ADN con cua-
tro estados provenientes de tres especies a un drbol filogenético tipo tripode,
cuyo modelo evolutivo es Jukes-Cantor. Para ello, adaptamos el método
del arbol mas cercano utilizado en el ajuste de secuencias de 2 estados
provenientes de cuatro especies a un cuarteto, donde los estados son puri-
nas y pirimidinas y el modelo evolutivo es CFN. La adaptacién requiere
una metodologia de mudltiples etapas llamada ‘proceso de reduccién’.
Tomamos las frecuencias de los patrones de caracteres de 2 estados en
el cuarteto como pardmetros y buscamos soluciones para el ajuste.

Palabras clave: método del arbol mas cercano; conjugacion de Hadamard;
ajuste de datos observados; reconstruccién filogenética; proceso de reduccion;
algoritmo Grobner cover.

Mathematics Subject Classification: 92D15.

1 Introduction

Phylogenetic reconstruction aims at finding the evolutionary history of a group
of species. The ancestral relationships that give rise to the current species [9]] can
be tracked through diagrams called phylogenetic trees [4], whose nodes have a
discrete random variable for observing the state (or character) of a genetic entity.
Between nodes there can also be given a substitution model for estimating the
probability of a state change.

A typical data set of departure in phylogenetic reconstruction is an alignment
of characters. If we fix the phylogenetic tree, the next step is data fitting.
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ADAPTATION OF THE CLOSEST TREE METHOD FOR A TWO STATE ... 73

The main goal of [2] is to set conditions on the parameter space to fit the
observed sequences of DNA characters from three species to the phylogenetic
tree of figure 1 (rooted tripod tree), whose evolutionary model is Jukes-Cantor
(JC model), under the molecular clock condition. Substitution models on the
edges provide the parameters. However, their work limits to set just boundary
conditions on the parameter space, leaving for future research the question of
solutions in the interior, and if they exist, the uniqueness. The main goal of this
article is to return to these two questions applied to the tripod trees in figures 1
and 2, whose molecular substitution model is Jukes-Cantor with and without the
molecular clock condition, respectively.

1 2 3

Figure 1: Example of a rooted tripod tree with edges e1, es, es.

The data fitting technique that the authors in [2] follow is maximum
likelihood estimation, but we use the version of the closest tree method that M.D.
Hendy shows in [6] after the intermediate process that is explained in section 3.

Our data fitting method is complementary to that in [§]], where the authors
provide a version of the closest tree method for fitting the observed sequences of
DNA characters from a set of species to an unrooted phylogenetic tree
whose substitution model on the edges is a generalized version of Kimura
Three Parameters.

2 Preliminaries

2.1 Spectral sequence spectrum on Jukes-Cantor tripod trees

To each node on a tripod tree, we associate a 4-state discrete random variable for
observing adenines (A), guanines (G), cytosines (C') and thymines (7).
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74 E. ALVAREZ

Figure 2: Example of a tripod tree with edges eq, ea, e3.

We classify three kind of substitutions:

1. transitions (A < G, T < CO);
2. type I transversions (A < T, G + C);

3. type Il transversions (A <> C, G <> T)).

To each edge e; on the tripod tree, we associate the expected number of
transitions, type I transversions and type II transversions as in [7]: let o, B;
and ; be the rates of transitions, type I transversions and type II transversions
on ej, respectively. If ¢; is the time span, then ¢;(a;) = ajtj, ¢;(55) = Bjt;
and ¢;(vy;) = 7;t; are the expected number of transitions, type I transversions
and type Il transversions, respectively. We call g-parameters to these expected
numbers of substitutions. If a; = 3; = ~y; and the probabilities of state change
between nodes on e; is determined by the matrix M; below, then the tripod tree
holds the Jukes-Cantor substitution model and is called a Jukes-Cantor tripod
tree (JC tripod tree). One Jukes-Cantor tripod tree having a unique, common rate
of substitution @« = 8 = +y on the edges, shows the molecular clock condition
and is called a MC Jukes-Cantor tripod tree.

A C G T
A [ 1+ 3exp(—4aj t;) 1—exp(—4a;t;) 1 —exp(—4a;t;) 1 —exp(—4a,t;)
_C 1 —exp(—4aj t;) 14 3exp(—4ajt;) 1 —exp(—dajt;) 1 —exp(—dajtj)
G 1 —exp(—4ajt;) 1 —exp(—4ajt;) 14 3exp(—4oyt;) 1 —exp(—4ajty)
T 1 —exp(—4aj t;) 1 —exp(—4dajt;) 1 —exp(—4dajt;) 14 3exp(—4dojty)

M;

Let x(j) = i mean that the j-th node a the tripod tree shows DNA charac-
teri € {A,G,C,T}. Then x(j) — x(k) stands for a substitution. In table 2,
we use the integers 0 through 3 to mean the kind of substitution: 0 for no substi-
tution; 1 for transitions; 2 for type I transversions; 3 for type II transversions.

An alignment of 4-state sequences 1, 2 and 3 is a 3-row list of DNA char-
acters A, C, G and T (see table 1 as an example). Each column observes
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Table 1: Alignment of three nucleotide sequences with ten sites.

Character | 1 2 3 4 5 6 7 8 9 10

X(l) C C AT TG A A G A

X(Q) A C A GT A G T G T

X(3) A C A G C A A TG T

Table 2: Substitutions from the third row in table 1.

Substitution |1 2 3 4 5 6 7 8 9 10
X(3) — X(l) 300 3 1 1 0 T==A=2 0 2
X(?)) — X(2) 0O 0 0 01 01 T—T=0 0 0

DNA characters on leaves in the tripod tree at a site. These triplets are called
character patterns. Given the alignment, there is a frequency distribution of
character patterns. Characters in rows 1 and 2 in table 1 can be obtained as
substitutions from the character at the third row. Then pairs in columns of table
2 are called substitution patterns. Therefore there is also a frequency distribution
of substitution patterns.

Following [2]], substitution patterns can be represented as pairs of
subsets of {1,2}:

The ordered pair (A, B) is the substitution pattern such that

1. A\B : set of species obtained by transitions from the third row character.

2. B\A : set of species obtained by type I transversions from the third
row character.

3. AN B : set of species obtained by type II transversions from the third
row character.

4. {1,2}\(A U B) : set of species sharing the same third row character.

For example, substitution patterns in sites 1, 7 and 8 in table 2 are
represented as ({1}, {1}), ({2}, 0) and (0, {1}), respectively.

For the alignment of three species, there can be sixteen substitution patterns
at most. Their frequencies can be located within a 4 x 4 matrix, where index
row indicates the left entry of the ordered pair for the corresponding substitu-
tion pattern whereas column index indicates the right entry of the ordered pair,
according to the notation used in [2]. This matrix is called the Spectral
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76 E. ALVAREZ

Sequence Spectrum. The virtue of this matrix is that it can be computed in terms
of the g-parameters via Hadamard conjugation [/7].

We show next the Spectral Sequence Spectrum for Jukes-Cantor tripod trees
and for MC Jukes-Cantor tripod trees as in [2]:

Spectral Sequence Spectrum, P;c, for a Jukes-Cantor tripod tree

0 {1p {23 {12}

@ ag al as as
{1} ap  ar a4 a4
Pro = , 1
JC {2} as a4 as a4 M
{1, 2} as a4 a4 as
where,
1 n 3 n 3 n 3 n 6
aog = — — Yz —XIZ —X —XTYz
"= 16 T 167° " 16 1677 1670
1 n 3 1 1 2
a1 = — + =Yz — —T2 — —xY — —=TYZ2
=16 T 167" 16 1677~ 1677
1 1 n 3 1 2
a9 = — — —Yz + —x2 — —TY — —TYZ
2716 16716 16 T 16
1 1 1 n 3 2
3 = — — —YZ — —XZ + —xY — —TYZ
ST 16 1677 167 T 16" T 16
1 1 1 1 2
ay = — Z— —TzZ— —xY + —xYz2,

16 167 16 16 16
2)

with z = e7491, y = ¢749 and z = =% being the pathset variables as in [2].

Spectral Sequence Spectrum, Py;c ¢, for an MC Jukes-Cantor rooted
tripod tree

0 {13 {2y {12}

Q) aq al al as
{1} ar a1 a4 G4
P =
MCJC {2} ai ay a ay P (3)
{1,2} \as as a4 as

where,
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do=—+ 22 Sy 3,
0= 16 " 16Y TRYFTRY A

L1, 1 1,
al = — — — —yz — <Yz
L= 76 167 T8 gY S

1 1, 1 1,
a3 = — — —y> + —yz — -y’z,

ag = — — —y° — —yz+ 2y°z,
4)

with y = €749 and z = %% being the pathset variables.

2.2 Closest tree method on a two state quartet

In 1989, M. D. Hendy introduced the closest tree method [|6]. This is a method
for fitting a finite set of 2-state sequences (where purines and pyrimidines are the
states) to an unrooted phylogenetic tree under the CFN model. We restrict our
attention to the quartet of figure 3. To each node on the quartet, we associate
a two-state discrete random variable for observing purines (X) and pyrimidines
(Y). We put emphasis only on the elements that we use in section 3.

€5

Figure 3: An example of a quartet with edges e; through es.

To each edge e; on the quartet, we associate the expected number of
substitutions as in [6[]: let A; be the rate of substitutions on e;. If ¢; is the
time span, then ¢, = A¢; is the number of substitutions (or edge length).
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78 E. ALVAREZ

We fix a unique rate of substitutions, A, for the edges on the quartet.
CFN model on the quartet implies stochastic matrices NV;, as below, for comput-
ing the probabilities of state change between nodes on the corresponding edges.

X Y
X < 1+exp2(72q;-) 1*BXP(*2(1§) )

2
v l—exp(—2q})  l+exp(—2q))

2 2

An alignment of 2-state sequences 1, 2, 3 and 4 is a 4-row list of characters
X and Y. Each column is a sequence of purines and pyrimidines distributed at
leaves on the quartet. Each column indicates a different site. These sequences
are classyfied into 8 bipartitions: A; = {1}, A2 = {1,2}, A3 = {1,3},
Ay = {1,2,3}, A5 = {1,4}, A¢ = {1,2,4}, Ay = {1,3,4} and
Ag = {1,2,3,4}. Each of these bipartitions indicates which leaves on the quar-
tet share the same character on leaf 1. Given the alignmnet, there is a frequency
distribution of bipartitions that can be kept into the vector § = (s1, s2, ... Sg).
Let p be the vector (5) where H = (hy, ;) is the Hadamard matrix (6) and the
superscript ¢ stands for the transpose operation.

N; =

p= H'st, )
where
1 -1 -1 1 -1 1 1 -1
1 1 -1 -1 -1 -1 1 1
1 -1 1 -1 -1 1 -1 1
1 1 1 1 -1 -1 -1 -1
H = 1 -1 -1 1 1 -1 -1 1 ©)
1 1 -1 -1 1 1 -1 -1
1 -1 1 -1 1 -1 1 -1
1 1 1 1 1 1 1 1
For jin {1,2,...8} do
1
rj = —§log(pj). (7
Formula (ﬂ]) sums the edge lengths over non overlapping, connected paths
in the quartet of figure 3. For example, r¢ = —3log(ps) = ¢5 + ¢4 + ¢} and

rs = —3 log(ps) = 41 + 4 + g5 + g

Equations (5) and (7) establish a one to one correspondence between vectors
Sand 7.

A cut on e; produces the bipartition of those leaves to its side that includes
leaf 1. For example, a cut in e; produces Ay, a cut in e produces Ag.
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Let e; <+ A, mean this correspondence. Let K be the 8 x 5 matrix (8), with
1—hm i

entries k; ; = —5", where e; A,
00 0 0O
11000
1 01 01
011 01
K= 1 0 011 ®)
01011
001 10
1 1110

Let ¢ = (41,45, 45,44, q5) be the vector of edge lengths on the quartet.
The Moore-Penrose inverse K to K is:

o L 1 _1 1 1 1 1

0 % 41 14 41 14 ? ?
RN PO R UN B R )
= B S s St S B ©

o -1 1 1 1 1 1 I

o 4 ottt A S

6 4 4 4 4 6 3

According to [6], it follows:

7= Kq’ (10)
7= K"t (11)

Given an observed vector of frequencies s, of bipartitions A; through Ag
for the alignment of 2-state sequences 1, 2, 3 and 4, M. D. Hendy provides
in [6] a criterion for selecting the quartet of figure 3 as the ‘best fit’ tree: let
75 be in corresponce to S, according to the Equations and (7). Let R be
the set of possible vectors 7 that can be derived from the quartet in agreement
to the Equations and . Then KK, is the closest point to 7, in R.
Said differently, the distance from 77, to R is || K K T, — 75| (cf. [1])). In section
4, we do this and take the entries of s, as parameters.

2.3 The Grobner cover algorithm

A. Montes published in 2010 the Grobner cover algorithm for analyzing
polynomial systems with parameters. A good reference for introducing
Grobner bases is [3]].
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80 E. ALVAREZ

We next give a short view of the Grobner cover algorithm.

Leta = {aj, a2, - ,an} beasetof parameters and let Z = {z1, 29, -+ , 2}
be a set of variables. We define R[a]R[Z] as the ring of polynomials with vari-
ables in Z and coefficients in R[a).

Let {p1(a, Z),p2(a, Z),...,pr(a, Z)} be a set of polynomials in R[a]R[Z].
For each  assignment of real values to the  parameters,
Ca : @ — R, the goal is describing the complex algebraic variety 7 (I.,) C C"
of the ideal o, = < p1(Ca, Z),p2(Ca, Z), - .. pr(Ca, Z) >C R[Z].

Let >~z be a monomial order for Z as in [3]]. For Ipp(/¢, ), we mean the set of
leading power products associated to each polinomial in I,
with respect to > 7.

The Grobner cover of C™ with respect to (> z, I3) is a set of pairs {(S1, B1),
(S2,B2),- -+, (Sr, By)} having the following properties:

* The sets S; are locally closed with respecto to the Zariski topology
(differences of closed sets), pairwise disjoint, whose union is C™.
These sets are called segments.

* For any two distinct assignments (5, ¢} to the parameters, the sets of lead-
ing power products Ipp(I¢,) and Ipp(I.:) agree on each intersection
R™ N S; forevery i € {1,2,...r}.

* Foreachi € {1,2,...r}, B; C 0(S;)[X] is a finite, reduced Grobner
bases over S;, where &(.S;) is the ring of regular functions on the segment.

The Grobner cover algorithm is implemented in Singular and is freely avail-
able in https://www.singular.uni-kl.de/. Gert’s book in [5] pro-
vides an accessible, full guide to the use of Singular in the context of
commutative algebra.

3 The reduction process on tripod trees

For phylogenetic trees whose nodes have a 4-state discrete random variable,
the reduction process consists in reading purines and pyrimidines instead of
adenines, citosines, guanines and thymines.
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In order to apply the closest tree method to a rooted tripod tree as that of
figure 1, whose nodes have a 4-state discrete variable, we insert a new edge
from its root R. In case of a tripod tree as that of figure 2, we could insert
a new edge starting from a middle point on the third edge e3. In either case,
we call the resulting phylogenetic tree as the tripod’s quartet extension. Then
we read purines (X) from the states A and G, and pyrimidines (Y") from the
states C' and 7T'.

Lemma 1 Consider an alignment of 2-state sequences 1, 2, 3 and 4,
whose phylogenetic tree is the quartet of figure 3. By marginalizing the distribu-
tion frequencies of character patterns over the fourth leaf, we get the distribution
s': {X,Y}> = [0,1] of character patterns on the tripod component with leaves
1,2 and 3. Let § = (s1,82,...5s) be the vector of frequencies of bipartitions
associated to the given alignment. Then the following relations hold.:

S4 + S8 = S'XXX + S/YYYa (12)
s+ 56 = Sxxy + Syyx, (13)
51+ 55 = Sxyy + Sy xx, (14)
83+ 87 = S'yyx + Syxy- (15)

Proof. We explain just the equality (12). The rest of these follow similarly.

Bipartitions A2 = {1,2} and Ag = {1,2,4} differ in the fourth leaf.
If v(1) = X, then Az observes XXYY and Ag observes XXY X.
These two events are considered by s’y yy. If x(1) = Y, then Ay observes
YY XX and Ag observes YY XY These two events are considered by s}y .
|

4 Data fitting

Proposition 1 Let s, be the observed vector of frequencies of bipartitions for
an alignment of 2-state sequences as it was considered at the end
of section 2.2. Take these frequencies as parameters. Let v, be in correspon-
dence to s, according to the Equations (3) and (7). Let R be the set of vectors
7 derived from the quartet of figure 3. Express 1., in terms of the parameters
according to the Equations (5) and (7). Then there exist non-extreme conditions
on the parameters guarantying a best fit to the quartet.
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Proof. We do p = H's;' as in (5) and get linear combinations
of the parameters. We take logarithms as in for each index j in p and get
the vector 7,. We equate to zero each term in K K7 — 7 to establish con-
ditions on the parameters for selecting the quartet of figure 3 as the best fit.
We reduce each equation involving more than one logarithm to an equation with
just one logarithm. We exponentiate every resulting equation and look for an
appropriate solution to the given system in which there is no extreme assump-
tions as when two or more different parameters equal to each other or as when
some parameters equal to zero. The conditioning equations on the parameters
are the following:

—(83+ 4+ S5+ S6)(S4 — S6)51 = s§34 + 3338 + 3333 + 838485+
535486 + 535458 — S35556 1+ S35658 — 545556 — 545558 —

2 2 2
55586 — S558 — 5556 — S55658 — 5354 + 8556,  (16)

—(83 4 54 + 55 + 56)s2 =5354 + 5356 + 5358 + SZ + 5455 + 25456+

S4588 + S58¢ + S5S8 + sg + sgsg — s4 — Sg, (17)

2 2
(s3+ s4+ 85+ 56)(s4 — S6)87 = 5386 + 5358 — $35455 + 535456+
838488 + 333536—1—333% + 838658 — 3335 — 343?) — 848586—

2
545558 — 5558 — S55658 — 5356 + S455.  (18)

Proposition 2 Let Q be an alignment of 4-state sequences 1, 2, 3 and 4;
and let Q)q be the 2-state alignment after the reduction process. Assume for
Qg the quartet of figure 3 as a model of evolution. Let s' be the distribution
of frequencies for the quartet’s tripod component as in Lemma Let § =
(s1,52,...58) be the vector of frequencies of bipartitions on Qq. Assume the
conclusions of Lemmall} Let P be the Spectral Sequence Spectrum for the given
tripod component. Then the following conditions are true:

/ / _ .. .
* Syxx T Syyy = sum of O-column entries in P;

* svyy + Sy xx = sum of {1}-column entries in P;
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* vy x + Sy xy = sum of {2}-column entries in P;

o sy vy + Sy x = sum of {1, 2}-column entries in P.

Proof. We just prove the first equality as the others follow similarly.

Character patterns [AAA]', [AAG]!, [AGA],, [AGG]!, [GAA], [GAG]Y,
[GGA]!, [GGG]! reduce to [X X X]%; character patterns [CCC]t, [CCT]Y,
[CTCY, [CTT), [TCCY, [TCT), [TTC, [TTT) reduce to [YYY]'.

All these character patterns distribute on the ()-column of matrix P:

0,0) = {[AAA]L [CCCL, |GGG, [TTT)

{1},0) = {[AGG]!, [GAA]L, [CTT), [TCC);

(
(
({2},0) = {[AGA]', [GAGT, [CTCY', [TCT]'};
(

{1,2},0) = {[AAG]', [GGAL, [CCT), [TTC)'}.

Then, the probability of occurrence of the event {[ X X X!, [YYY]'} atleaves
on the tripod component is the sum of ()-column entries in P. m
4.1 Jukes-Cantor tripod tree

Corolary 1 In view of Proposition[2|and the entries in matrix (I, the equalities
in Lemmalll become

L e Ly st s =0

1 T vE T geE ey — (satss) = 0;

1 1 1 1

1 a¥F T AT o (52 +s6) = 0; (19)
2 T avE T g Y (1t ss) =0

1 1 n 1 1 (554 57) = 0

1 avr T rE ey~ (ss sy :

Theorem 3 The Grobner cover algorithm applied to the System (19), where
S1, S92, - . .,88 are parameters satisfying relations (16) through (18) and x,y, z
are the pathset variables, decomposes the parameter space R® into segments
such that just one of them is biologically meaningful, for which the correspond-
ing canonical Grobner bases has at most a unique solution (x,y,z) with
O<arx<l0<y<l,0<z< L
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84 E. ALVAREZ

Proof. The Grobner cover algorithm produces the unique meaningful segment
€11 = RE\ {7 (25354 + 25358 + 257 + 25455 + 25456 + 25458 — 54 + 25558 +
2588 — 86) U 7(84 — 56) U a//(53 — 84 — 85 + 86) U 7/(83 + 84 — S5 — 86) U
Y (s3— 84+ 55 — 86) U ¥ (s3+ 84+ s5+ s6) }, whose Canonical grobner bases
has the following generators:

1. g11 = A1Asy + B1 Bz,
2. gi2 = AQClx — BlBQZ,

3. gi13 = Bl2B2E1(Z)2 — AlAQQCl,

where A1 = —sg + 83+ 84 — 85, Ay = 25354 + 25358 + 282 + 25485 + 25456 +
25488 + 25558 + 28658 — S4 — Sg, B1 = s4 — Sg, Bo = —S4 + s3 + s5 — sg,
C1 =86+ s3 — 54— s5and B1 = s3 + sS4 + S5 + Sg.

As in section 2.1, z = exp(—4q1), y = exp(—4¢2) and z = exp(—4¢3) are
the pathset variables, where ¢1,q2,q3 are the g¢-parameters for the
Jukes-Cantor tripod tree of figure 2. It makes sense for them to archive the
restrictions 0 < x < 1,0 <y < 1,0 < z < 1.

From the generator ¢;3, it is clear that condition 0 < =z
in four cases:

2 < 1 occurs

1. Ay >0,By > 0,C; >0and Bi’?ByFE; — A1 A22C > 0;
2. A1 >0,By < 0,07 <0and —Bl2BgE1 + A1A2201 > 0;
3. A1 <0,By >0,C, < 0and B;?ByF; — A1 A5°Cy > 0;

4. A1 <0,By <0,C7 >0and —B12B2E1 + A1A22C1 > 0.

From the generator gi2, 0 < z? = éigf < 1if CiE; — A1By > 0 in
correspondence to the previous cases first and fourth or if —C1Fy + A1 By > 0
in correspondence to the cases second and third, respectively.

From the generator gi1, 0 < y? = % < 1if AyE; — ByCy > 0in
correspondence to the previous cases first and second or if —A; | + BoCp > 0
in correspondence to the cases third and fourth, respectively. m
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4.2 MC Jukes-Cantor rooted tripod tree

Corolary 2 In view of Proposition 2| and the entries in matrix (3)), equalities in
Lemmal[llbecome

1%—lyz%—lzf—(54+58)20;

4 2 4

i—%yz—k%gf—(sz—ksa) =0; (20)
%—392—(81+85)—07
i—%y2—(33+37)—0

Theorem 4 The Gribner cover algorithm applied to the System (20), where
S1, S92, - . ., Sg are parameters satisfying all relations (16) through (18) and vy, z
are variables, decomposes the parameter space R into segments such that just
one of them is biologically meaningful, for which the corresponding canonical
Grobner bases has at most a unique solution (y,z) with0 < z < y < 1.

Proof. The Grobner cover algorithm produces the segment 21 = ¥ (s3 — s5) \
{[V (257 + 45455 + 25456 + 28458 — 54 + 45588 + 25655 — 56) N ¥ (83 — 85)] U
[V (s4 — 285+ s6) NV (83— 85)] U [¥(s4+ 285+ s6) N ¥ (s3 — s5)]}, whose
canonical Grobner basis has the following generators:

1. go1 = Ay + Bz,

2. goo = —BCZ2 — DQ,

where A = 2si + 45485 + 28456 + 25488 — S4 + 48588 + 25688 — Sg, B =
—84+ 285 — 86, C = 255 + 84+ sgand D = 28?1 + 48485 + 28486 + 25488 +
45558 + 25688 — S4 — Sg.

As in section 2.1, y = exp(—4¢2) and z = exp(—4¢3) are the pathset vari-
ables, where ¢o, g3 are the g-parameters for the MC Jukes-Cantor rooted tripod
tree of figure 1.

From the generator gao it is clear that condition 0 < 22 occurs if B < 0.
To guarantee 22 < 1ithastobe —BC — D? > 0. Similarly, A > 0and B < 0
imply 0 < 3. Condition BD? 4+ A?C > 0 implies y < 1.

Finally, condition 0 < z < y < 1 is important to guarantee q; = q2 < ¢3.
This last condition holds when —B — A > 0. m
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5 Conclusions

Theorems 3 and 4 show that, when the fitting procedure is applied sucessfully
to the observed sequences of DNA characters from 3 species to tripod trees
as those in figures 2 and 1, respectively, the solutions are unique. More over,
these solutions are obtained for non extreme values of s1, s2, . . . s3 coming from
the tripod’s quartet extension. This way we deal successfully with the main goal
of this article, but partially, because we made use of a different data technique as
the one in [2]], and we tracked other parameters.
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