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208 A. ZAMORA

Abstract

This manuscript contains the basic ideas and constructions about E-polynomi-
als in character varieties and the state of the art of certain research in the
field, plus some new directions. We introduce mixed Hodge structures and
E-polynomials, together with a series of arithmetic (counting points over
finite fields) and geometric (stratification into parabolic types) techniques
to compute them. We include a complete example of the calculation of
the E-polynomial for the GLj;-character variety of the free group. Finally,
we extend the geometric stratification into parabolic types to a general re-
ductive group G to obtain explicit motivic expressions for the G-character
varieties, and reduce certain topological mirror symmetry conjectures for
these moduli spaces.

Keywords: character varieties; E-polynomials; mixed Hodge structures; topological mir-
ror symmetry; Langlands duality.

Resumen

Este trabajo contiene las ideas bésicas y construcciones sobre E-polinomios
en variedades de caracteres y el estado del arte de cierta investigacién en
el campo, junto con algunas nuevas direcciones. En él introducimos las
estructuras de Hodge mixtas y los E-polinomios, junto con una serie de
técnicas aritméticas (contar puntos sobre cuerpos finitos) y geométricas (es-
tratificaciones en tipos parabdlicos) para calcularlos. Incluimos un ejemplo
completo del célculo del E-polinomio para la GL;-variedad de caracteres del
grupo libre. Finalmente, extendemos la estratificacién geométrica en tipos
parabdlicos a un grupo reductivo G general para obtener expresiones motivi-
cas explicitas para la G-variedad de caracteres, y reducir ciertas conjeturas
en simetria especular topolégica para estos espacios de méduli.

Palabras clave: variedades de caracteres; e-polinomios; estructuras de Hodge mixtas;
simetria especular topolégica; dualidad de Langlands.

Mathematics Subject Classification: Primary 14M35; Secondary 141.24, 14D20,
14C15, 16G99, 17B22, 32535.

INTRODUCTION

Given a complex reductive algebraic group G, and a finitely presented group T,
the G-character variety is defined as the geometric invariant theory (GIT) quotient
Hom(T',G)/G. When T is the fundamental group of a Riemann surface, this space
has been studied quite well because it is homeomorphic to the space of G-Higgs
bundles via the non-abelian Hodge correspondence [45]. These spaces also play an
important role in mathematical physics in the context of mirror symmetry [27]:
for the moduli spaces of the pair of Langlands dual groups SL, and PGL, (which
are smooth/orbifold) it is conjectured that certain topological and geometrical
invariants coincide or mirror in a certain way. Other groups I' provide very singular
character varieties for which the topological and geometrical invariants are much
more unexplored and difficult to compute.
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E-POLYNOMIALS OF CHARACTER VARIETIES 209

Among the interesting invariants one can encounter we first find Poincaré poly-
nomials encoding Betti numbers, whose computation for surface groups started
with Hitchin [26] and Gothen [19] with recent major advances by Schiffmann [44]
or Mellit [33]. After Deligne’s work [7, 8] on mixed Hodge structures for singu-
lar spaces, the computation of mixed Hodge numbers, and the polynomials en-
coding these such as the mixed Hodge polynomial or the E-polynomial, became
interesting as a way to capture intermediate information between topology and
complex geometry. This was initiated by Hausel and Rodriguez-Villegas in the
surface case [23] by using arithmetic methods due to the fact that the number
of points of the moduli space over finite fields is given by a polynomial which,
in turn, coincides with the E-polynomial [23, Katz’s Appendix]. This line of
thinking has been continued by other authors as in [2] and has developed an
important interaction between arithmetics and representation theory by count-
ing indecomposable or irreducible representations to produce formulae yielding
these polynomials [35, 36, 37, 42, 43]. One major achievement was to prove a
topological mirror symmetry statement for SL, and PGL,, showing that their E-
polynomials are equal (up to passing to their stringy version accounting for orbifold
de-singularizations) [20, 23, 24].

The seminal paper [31] uses a geometric decomposition of the character variety
into subvarieties of different stabilizers. The good properties of the E-polynomial
under locally closed stratifications and certain fibrations allow the production of
a polynomial for the whole moduli space by summing up the polynomials of the
strata which, in turn, are computed by means of fibrations with the stabilizers as
kernels. This has been shown to be successful for small rank character varieties
for GL,, SL, and PGL, as in [4, 12, 13, 29, 32]. For ranks higher than or equal to
4 computations seem to be intractable yet.

Later, the papers [14, 15] combine the arithmetic and the geometric techniques
in the groups GL,, SL, and PGL, to provide generating functions for the polyno-
mial expressions based in plethystic expressions coming from high energy physics
[11], combined with a good understanding of the representation theory of sym-
metric groups [5]. These produce a stratification of the character variety into
polystability types, where the big stratum corresponds to the irreducible represen-
tations and the smallest ones are the abelian representations studied in [16, 30].
When T is the free group, the character varieties we obtain are very singular. In
[14] actual explicit expressions for these character varieties are derived, based on
those from [37], and the authors prove a SL, — PGL, topological mirror symmetry
statement. The paper [18] explores a generalization of this to other groups G,
producing a stratification into parabolic subgroups of G and reducing topological
mirror symmetry to checking it stratum by stratum. This uses the idea of core and
pseudo quotient in [17] which generalizes the notion of polystable representatives
in a moduli space to each particular parabolic strata.

The outline of the notes is the following. In Section 1 we cover the basics of
Deligne’s mixed Hodge structures and in Section 2 we define the invariants we want
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210 A. ZAMORA

to compute, the E-polynomials, and explore its properties. Section 3 is devoted to
an overview on the main techniques to compute E-polynomials. Section 4 contains
a complete example of the computation for the GLs-character variety of the free
group, using most of the ingredients previously introduced. Up to here, these
notes contain several exercises towards a better acquisition of the concepts of the
first 4 sections. Section 5 explores the generalization for complex reductive groups
G and Section 6 contains actual computations and topological mirror symmetry
statements and conjectures for simple groups of Dynkin type ABCD.

1. MIXED HODGE STRUCTURES

In this section we present the notion of mixed Hodge structure, introduced by
Deligne in [7, 8] as an extension of classical Hodge theory of compact Kihler
varieties to the non-compact and/or non-smooth case. For a complete treatment,
the reader can consult the book [40].

Let us begin by reviewing basic notions of Hodge theory.

Definition 1. A (pure) Hodge structure (of weight k) on a Z-module Vz is the
following decomposition of its complexification

Vi=Ve=Vz@,C= @ vre, vri=Var,

p+q=k

Equivalently, we can define what we call a Hodge filtration which is an index
decreasing filtration
Vo---D2FP(V)D FPF*'\(V)yo ...,

where FP(V)N F4(V) = VP4 and FP(V) = @izp Vik=i,

De Rham cohomology modules of compact Kéhler manifolds naturally have a
pure Hodge structure of the weight given by the order of the cohomology. The
pieces of the Hodge structure are given by the Dolbeault cohomology.

Theorem 1 (Hodge decomposition). Let X be a compact Kdihler manifold, k™-
cohomology carries a (pure) Hodge structure of weight k,

Hh(X)®C = (P HM(X),

p+q=k

where each graded piece is HP1(X) =~ HY(X,QP), the ¢"-cohomology of the p-
differential, by Dolbeault’s theorem. It satisfies HP4(X) = H?P(X), and the di-
mensions h”? = dimec HP4(X) are called the Hodge numbers.

Remark 1. In particular, smooth projective varieties are Kéhler manifolds and
Hodge decomposition holds for these.
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E-POLYNOMIALS OF CHARACTER VARIETIES 211

A nice pictorial way to understand Hodge numbers is through the
Hodge diamond

hnﬂ
hnﬂ—l hn—Ln

XY pln-1 pon (1.1)

hlﬂ hOJ
hOﬂ

The Hodge diamond satisfies certain symmetries:

e Serre duality H”4(X) ~ H" 7""9(X)" yields h?? = k"~P"~9, Then, the diamond
is symmetric with respect to its center.

e Hodge symmetry H”%(X) = H%P(X) yields h?? = h?”. Then, the diamond is
symmetric with respect to the vertical axis. By composing with the central
symmetry, it is also symmetric with respect to the horizontal axis.

Hodge numbers come from De Rham cohomology, therefore they have to en-
code, in particular, the topology of the variety. By summing up the number in
each row of the Hodge diamond we obtain the Betti numbers of X

bﬁmmmx©=2hm

p+q=k

Let us show explicitly two main examples of pure Hodge structures: Riemann
surfaces and complex projective spaces.

Example 1. Let X be a smooth complex projective genus g curve or, equivalently,
a compact Riemann surface. Its Hodge diamond is given by

h'0 = ¢ = dim H(X, Q) =g,

with Betti numbers by = 1, by = 2g, b, = 1.
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212 A. ZAMORA

Example 2. Let P{, be the complex projective space of dimension n. Its Hodge
diamond is given by

=1
hn—l,l — 0 hn,n—l — O
hn—l,n—l — 1
ho =0 : Wi=0 -
R =1
hO =0 Wl =0
W0 =1

with Betti numbers by, =1, k=0,1,...,n.

When we deal with complex varieties which are not smooth nor projective,
classical Hodge decomposition fails. Deligne [7, 8] generalized this by extending
the notion to Mixed Hodge Structures.

Definition 2. A mixed Hodge structure on V := Ve = Vz ®; C is given by a
decreasing Hodge filtration F*(V)

Vo---2FP(V)D FPF*'\(V)yo .-+,
together with an increasing weight filtration W,
Oc---WeycWycCc---CV,
such that F*(V) induces a (pure) weight k Hodge structure on graded pieces

GrY (V) := Wi/ Wi_1. We define VP4 := Gri{Gr)), (V) and their dimensions dimc V74(X)
are called the mixed Hodge numbers.

Recall that cohomology with compact support is defined as the direct limit

H'X)= lim H*(X,X\K),

KcX compact

taken over cohomology relative to the complement of a compact subset. This is
the cohomology given by singular co-chains with support in some compact subset
of X. See [22] for details.

Theorem 2. [7, Théoréme 3.2.5][8, Proposition 8.3.9] If X is a quasi-projective al-
gebraic variety (not necessarily smooth nor complete nor irreducible), singular co-
homology H*(X) and singular compactly supported cohomology H*(X) carry mized
Hodge structures.
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E-POLYNOMIALS OF CHARACTER VARIETIES 213

Therefore, for X a quasi-projective variety and each k, the complex vector space
H*(X) is endowed with a mixed Hodge structure yielding two filtrations whose
associated graded is V54 := GrgGrI‘fﬁrq(Hk(X)). We will call mixed Hodge numbers
to the dimensions of these complex vector spaces, h*P4 := dimc VP4, They satisfy
h*P4 = pb4P and note that it can be p + ¢ # k. We call the k-weights of the mixed

Hodge structure to the pairs (p, g) such that #5790,

Similarly, we will denote by h];’p I the (compactly supported) mixed Hodge
numbers of the singular cohomology with compact support H*(X). Observe that
mixed Hodge structures yield compactly supported Betti numbers by dim H*(X) =
pI BP9 In the smooth case, by Poincaré duality, these give the usual
Betti numbers.

Remark 2. The existence of weights different from the order k of the cohomology
modules measure the failure of X to be smooth or projective. In fact, if X is non-
singular then weights are > k (with p,q < k) while if X is projective, weights are
< k ([8, Théoreme 8.2.4], [40, Proposition 4.20]). Weight filtration stratifies this
failure by codimension.

We end this section with a toy but a key example from [25], which shows
that diffeomorphic complex varieties (with the same differential structure) can
have different Hodge structures. Moreover, these different Hodge structures can
be pure and mixed. Then, mixed Hodge structures are invariants of the complex
structure but they do not recognize the smooth structure of the variety.

Example 3. Let X, be a complex elliptic curve. Topologically, £, is homeomorphic
to a torus S! x S!'. As a complex variety, ¥, is analytically isomorphic to the
quotient of the complex plane by a lattice, C/(Z + 7Z), where T € C.

The fact that X, is a complex variety with a group structure makes its cotangent
bundle T*X; a trivial bundle, then T*%X; =~ C/(Z + 7Z) x C. Therefore, we can
construct diffeomorphisms

T°% ~C/(Z+1Z)xC~S'xS!'xR> ~C* xC*

between the cotangent bundle T*X; ~ X; X C and the affine complex algebraic
variety C* x C*. Let us compute the cohomology of these two algebraic structures.

Since C is a contractible topological space, the singular cohomology of the
trivial cotangent bundle T*X; ~ X, X C equals the cohomology of the elliptic curve
¥, itself, which is a genus one Riemann surface. Therefore, its Hodge structure
yields a pure Hodge diamond, as in Example 1:

=1
hMo=g=1 Wl=g=1
ho0 =1
Observe that the weights 0, 1,2 coincide with the degree of the cohomology in
each row, i.e. p+ ¢ =k, i.e. the Hodge structure is pure.
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214 A. ZAMORA

On the other hand, the cohomology of C* x C* is, by Kiinneth isomorphism,
H'(C*xC") ~ H'(C")®@ H*(C").
Because C* is homotopically equivalent to S!, its cohomology is
H*(C")=H(C)Y®H'(C)=CoC.
The only weights which can appear in the degree 1 cohomology H!(C*) (of a smooth
non-projective complex variety, see Remark 2) are A0 = dim H"0(C*), h'0! =
dim H%!(C*) and A" = dim H(C*). Given that, necessarily, by duality of the
mixed Hodge numbers, we have the isomorphism
H'Y(C) ~ B (T,
and the following sum has to be satisfied
AU 4 0T 4 g = dim HY(CY) + dim H*'(CY) + dim H"'(C) = dimH'(CY) =1 ,
we conclude that H"0(C*) = H*(C*) = 0 and dim H"'(C*) =~ C. Therefore
H*(C*) = H(C") @ HY' (CY).
Now we use the Kiinneth isomorphism in cohomology to have
H®(C* x C") =~ H'(C") ® H'(C") = H*'(C") ® H*(C") = C®C = C = H**((C")?)
H'(C xC") = (H'(C)eH(C) e (H(CH e H'(C)
= (H"'(C) e H(C)) & (H*(C) @ H"(C)) = (CoC)® (CT)
=CeC=C’=H"(C)
H*(C'xC) =~ H'(C)®H'(C) = H"(C)e®H"(C)=CeC=C=H?(C"),
Hence, its mixed Hodge structure has Hodge numbers given by
p0-0:0 ((C*)2) =1, weight 0 in the 0”-cohomology,
[/ ((C*)z) =2, weight 2 in the 1*-cohomology, and
h>22 ((C*)z) =1, weight 4 in the 2"-cohomology.

Observe finally that, being (C*)? a non-singular variety, its weights are greater or
equal than the order of the cohomology, as pointed out in Remark 2.

Exercise 1. Use the argument of Example 3 to find two different pure or mixed

Hodge structures in the cotangent bundle T* Picge where Picge is the jacobian vari-

ety of a compact Riemann surface of genus g, and its diffeomorphic variety (C*)%%.
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E-POLYNOMIALS OF CHARACTER VARIETIES 215

2. THE E-POLYNOMIAL AND ITS BASIC PROPERTIES

There are a number of geometric invariants that we can construct by combining
the mixed Hodge numbers 7574 = dime H*P9(X) and the compactly supported ones
HeP4 = dime HyP(X).

Definition 3. Let X be a complex variety, not necessarily smooth or projective.
We define the mixed Hodge polynomial of X as the polynomial on three variables
given by
u(X; t,u,v) = Z HEPA(X) uPvt € Nolt, u, v] . (2.1)
k.p.q
Analogously, define the compactly supported mixed Hodge polynomial by

we(X; tu,v) = Z BEPax) fuPvt e Nyt u, v] . (2.2)
k.p.q

Observe that mixed Hodge polynomials specialize to the corresponding Poincaré
polynomial P(X) and compactly supported Poincaré polynomial P.(X)), respec-
tively, by setting u =v=11in P(X) = u(X; t,1,1) and P.(X) = u(X; ¢, 1, 1).

By substituting t = —1, compactly supported mixed Hodge polynomials become
a very useful generalization of the Euler characteristic, called the E-polynomial
of X.

Definition 4. Let X be a complex variety, not necessarily smooth or projective. We
define the E-polynomial of X as the polynomial on two variables given by

e(X; u,v) i= D (=D EPUX) uhv? € Zu, v, (2.3)
k.p.q

Note that from the E-polynomial we can compute the compactly supported Euler
characteristic of X as

xeX) = e(X; 1,1) = o (X; ~1,1,1) . (2.4)

Observe that the compactly supported Euler characteristic equals the usual one
for complex quasi-projective varieties.

Defining the (p, ¢)-(compactly supported) Euler characteristic as

XU = (DR (2.5)
k

we can express the E-polynomial as a two variable polynomial whose coefficients
are these (p, ¢)-(compactly supported) Euler characteristics:

e(X; u,v) = Z XPUX) uPvt € Zlu, v). (2.6)
P4
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216 A. ZAMORA

Definition 5. A complex variety X is said to be of Hodge-Tate type or balanced
type if all its k-weights are of the form (p, p) with p € {0,...,k}.

Complex affine algebraic groups and smooth toric varieties are examples of
balanced varieties. When computing E-polynomials of balanced varieties we will
use the notation x := uv and e(X; x) := e(X; uv), yielding polynomials in one variable.

Remark 3. If X is connected, non-singular and balanced, then there is a well-
defined notion of highest-degree monomial in their compactly supported mixed
Hodge and E-polynomials, given by

REPP (XY uPvP = REPP (X,

where 2p > k. This is the leading term of the E-polynomial and the leading
coefficient is the top mixed Hodge number A%7P(X) which indicates how many
irreducible components X has. Therefore, if the E-polynomial of X is monic,
X is irreducible.

The following shows a useful relationship between mixed Hodge polynomials
and E-polynomials for smooth varieties.

Proposition 1. /23, Corollary 2.1.5] Let X be a smooth connected complex variety
of complex dimension d. The following equality holds between mized
Hodge polynomials

111
we(Xst,u,v) = (tzuv)du(;,;,;) . (2.7)

Therefore, we have this relationship between the E-polynomial and the mized
Hodge polynomial

e(X;u,v) = (uv)’u (—1, th é) ) (2.8)

Exercise 2. Prove Proposition 1 (c.f. [23, Corollary 2.1.5]).
Let us compute these polynomials in simple cases.

Example 4. The variety C* is smooth and connected of complex dimension 1.
From Example 3 we know its mixed Hodge numbers, hence we have that its mixed
Hodge polynomial is

w(C 1w, v) = AP0 4 pb LA = 1 4y, (2.9)

By Proposition 1 we get

~ | =
S| -

s

tuy

1 1
U(C st u,v) = (FPuv) - u (C*; , ;) = (Puv) (1 + —) =t+uv, (2.10)
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and
e(C* 5 u,v) = u(C =1, u,v) = =1 +uv . (2.11)

Being C*a balanced variety, we can rewrite its E-polynomial as

e(C*;x) = u(C —1,u,v) = -1+ x. (2.12)

The e-polynomials satisfy a number of good properties which makes them suitable
for computations.

Proposition 2. Mized Hodge and E-polynomials satisfy a multiplicative property
with respect to Cartesian products, i.e.

uX XY) = pX) - pu(Y) ,

HX XY) = pe(X) - pe(Y)
e XxY)=eX)-e¥).

Proof. This comes from the fact that Kiinneth isomorphism H*(X X Y) ~ H*(X) ®
H*(Y) is compatible with mixed Hodge structures, see [23, 40]. mi

Moreover, compared to mixed Hodge polynomials and Poincaré polynomi-
als, E-polynomial are additive over locally closed stratifications, because of the
following proposition.

Proposition 3. [8, Théoréme 8.3.9] Let X be a complex variety and let Z C X be a
closed subvariety. Then we have

e(X) = e(Z) + e(X\2),

and
Xc(X) = xe(2) + x(X\2).

One of the crucial facts about the good behavior of E-polynomials, allowing to
compute them in many cases, is its multiplicativity under certain fibrations. Let
X, B be quasi-projective varieties and let 7 : X — B be an algebraic morphism
which is an algebraic fibration, i.e. where all fibers are isomorphic to an algebraic
variety F.

Theorem 3. Let 7 : X — B be an algebraic fibration with fiber F as above, such that
all three spaces X, B, F are smooth, the fibration is locally trivial in the analytic
topology and the fundamental group of the base mi(B) acts trivially on H!(F), the
compactly supported cohomology of the fiber. Then,

e(X)=e(F)-e(B).
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218 A. ZAMORA

Proof. See [31, Proposition 2.4] or [9, Theorem 6.1]. m]

Remark 4. The hypothesis of Theorem 3 are satisfied in many relevant situations
where computations of E-polynomials arise:

(a) If the fibration is locally trivial in the Zariski topology of the base B, and B
is irreducible ([31, Remark 2.5]).

(b) If F is a complex connected algebraic group and x is a principal F-bundle.

(¢) In particular, if F is special [21], which means that all principal F-bundles
are locally Zariski trivial.

(d) If X = G is an algebraic reductive group, its center F = Z(G) is connected
and the base is the adjoint group B = PG = G/Z(G) ([14, Proposition 2.6]).

Let us explore these properties to compute E-polynomials.

Example 5. Let X, be a genus g compact Riemann surface. In this case, compactly
supported cohomology equals usual cohomology and the (pure) Hodge numbers
were given in Example 1. Then, the different invariants are

Mg tu,v) = pe(Zgs tyu,v) = 1+ gt(u +v) + Puv s
Pt =1+2gt+1,

eCgu,v)=1-gu+v)+uv,

XX =2-2g.
Observe that a compact Riemann surface X, carries a pure but not balanced
Hodge structure, because there are weights A0 = A% % 0 which are not

of the form A*PP. As a consequence, its E-polynomial cannot be expressed as a
one-variable polynomial.

Example 6. Using the Hodge numbers described in Example 2, the invariants of

the projective space are

HPE tu,v) = pe(PEst,u,v) = 1 + Puv + futv + -+ U

PP =1+ +r+-+1",
e(P%;u,v):1+uv+u2v2+-~+u”v”=1+x+x2+---+x",
xPL) =n+1.

Observe that the projective space carries a pure and also balanced Hodge structure.
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E-POLYNOMIALS OF CHARACTER VARIETIES 219

Example 7. The locally closed decomposition C = C* LI {pt} yields the equality
e(Cyu,v) = e(Cu,v) +e({pthu,v) = -D+1=x-1)+1=x,
between the corresponding E-polynomials.
Example 8. By the computations in Example 3, the mixed Hodge polynomial of
(C*? is
u(CY t,u,v) = 1+ 2tuv + Puv?.

Using Proposition 1, we obtain the compactly supported mixed Hodge polynomial
(€Yt u,v) = (Puv)’u(C)5 1,1, v)
2 1
= (Fuv)’ (1 +— + —)

v  2u?y?
=+ 28uv + V.

From this, we can extract the compactly supported mixed Hodge numbers of (C*)?,
obtaining hg,o,o ((C*)z) =1, hg’l’l ((C*)z) =2, h?’z’z ((C*)z) = 1. Now, we can apply
the definition (2.3) to get the E-polynomial:

e((CY 5 u,v) = pe((CHZ =1, u,v) = 1 = 2uv + u>V?.

We observe that (C*)? is a balanced variety, then we can express its E-polynomial
in one variable:
e(CH%x) =1 - 2x + X%

Finally, note that Proposition 2 holds in this case:
u(CYtu,v) = 1+ 2tuv + Luv? = (1 + tuwv)? = w(C5 t,u,v) - (C*5 8, u,v)
1(CHtu,v) = 12+ 28uv + UV = (¢ + Puw)? = pe(C 5t u,v) - ue(C 1, u,v)

e((CY t,u,v) = 1= 2uv + u>v? = (=1 + uv)® = e(C*;t,u,v) - e(C*3 1, u, v).

Observe that all these varieties X, P{., C, (C*)? are irreducible, which can be seen
from their E-polynomials (see Remark 3).

Exercise 3. Compute the mixed Hodge, compactly supported mixed Hodge, E-
and Poincaré polynomials of the maximal torus of the complex group GL,,.

Example 9. Let us compute the E-polynomial of GL, := GL,(C) by using the
property on fibrations. On the one hand, we have the surjection
2 a b
GL, » C\(©O,0), [ ¢ 7 | @o,
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220 A. ZAMORA

where fibers are given by vectors (b, d) linearly independent with (a,c), i.e. fibers
are isomorphic to C2\C. Then, this is a locally Zariski trivial fibration

C?\C = GL, -» C*\{(0,0)},

where the E-polynomials of the base and the fiber can be computed by Propositions
2 and 3:

e(Cz\C; u,v) = e(Cz; u,v) —e(C;u,v) = e(Cyu,v) - e(C;u,v) —e(C;u,v) =

(uv) - (uv) —uv = >V — uy

and  e(C\{(0,0)};u,v) = e(C*;u,v) — e({(0,0)}; u,v) =
e(Cyu,v) - e(Cyu,v) — e({(0,0)) u,v) = (wv) - (wv) — 1 = u>v? — 1.
Therefore, by Theorem 3 and Remark 4,
e(GLy; u,v) = e(C*\C; u,v) - e(C*\{(0,0)}; u,v) = WHV* — uv)(*v* - 1),
which can be expressed as the E-polynomial in one variable for a balanced variety:

e(GL,; x) = e(C2\C; x) - e(C\{(0,0); 1) = (XX = x)- (- D =x" - -+ x.

Example 10. For a fibration to satisfy the multiplicative property on E-polynomials,
hypotheses in Theorem 3 and Remark 4 are quite restrictive. For example, con-
sider a double cover X — X; of an elliptic curve (i.e. a Riemann surface of genus
1) with two branching points, what prevents it from being locally trivial. By the
Riemann-Hurwitz formula, the genus of the covering space g(X) is related to the
genus of the base g(X) = 1 by the formula

26X) -2 =n(2gE) -+ Y (e;= 1),

branch.

where e; = e; = 1 and n = 2 is the degree of the covering. Hence,
26X)-2=22-1-1D)+(1+1)= gX) =2,

therefore X = %,, a Riemann surface of genus 2. Using the computations in Ex-
ample 5, the E-polynomials of the total space and the base of this covering are,

eZ)=1-2w+v)+uv and eE)=1-(u+v)+un

Observe that the latter polynomial does not divide the former, hence the E-
polynomial does not satisfy any sort of multiplicative property. Although the
generic fiber is two points, whose E-polynomial is 2, it is false that 2-e(X) = e(Z,).

Exercise 4. Compute the E-polynomial of the complex groups SL, and PGL,.
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Remark 5. Let KVar denote the ring generated by isomorphism classes [X] of
algebraic varieties modulo cut-and-paste relations [X] = [Y]+[X -Y],for Y C X a
closed subvariety, and where multiplication in the ring is given by [XxZ] = [X]-[Z].
The elements in this Grothendieck ring of algebraic varieties are called virtual
classes or motives of the varieties. It can be shown that the E polynomial factors
through the Grothendieck ring e : KVar — Z[u,v], making the E-polynomial a
coarser invariant for complex algebraic varieties, than what the motive is.

3. TECHNIQUES TO COMPUTE E-POLYNOMIALS OF CHARACTER VARIETIES

In this section we introduce character varieties, which are affine algebraic varieties
playing a prominent role in algebraic geometry, and we present a combination of
arithmetic and geometric techniques to compute their character varieties.

3.1. Character varieties

Let us start by defining the notion of representation variety.

Definition 6. Let G be a reductive algebraic group over C. Let I' = (y,...,y;s
r(y;) = 1) be a finitely generated group. We define the G-representation variety as

Re() := Hom(I', G) = {p(y) = (o(y1),....p(¥s) € G* : r(p(y)) = 1},

which is an affine algebraic variety.

There is an action of G on Rs(I') by conjugation. For p € Rg(I'), g € G, y €T,
we have

(g P =gomg " = (g™, ....ep(¥)g™").

The next definition presents character varieties as GIT quotients. Readers not
familiar with GIT can consult the seminal works [38, 39]. Essentially, affine GIT
combines together orbits in the quotient whose closures intersect (hence the double
slash), in order to have a Hausdorflf quotient and such that the ring of functions
of the quotient equals the ring of G-invariant functions in the domain: this way
invariant theory turns out to have a geometrical meaning.

Definition 7. We define the G-character variety of I' as the affine GIT quotient of
the G-representation variety by the conjugation action:

X(T) := R(N/G = Spec C[Ra(D)]°.

Let us also denote by Ry, (I') the set of irreducible representations and X, (I) :=
R (/G the corresponding GIT quotient, which is a geometric quotient or an orbit
space, where each point corresponds to an orbit.
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The name character varieties comes from the fact that these varieties are gen-
erated by characters. Given a representation p € Rg(I'), the character of the
representation is

Xp:I'—C, vy u(p®y).

Artin [1] conjectures that the invariants of complex matrices under simultaneous
conjugations are polynomials in tr(X;, - -- X; ). This was proved by Procesi in [41].
Basic examples of this are the isomorphism of algebras

CIGL, 1% = Clet,.... ;']

n

where ¢y = 1, ¢; = trX, ..., ¢, = detX are the coeflicients of the characteristic
polynomial of X. A more elaborated one says that the invariants of pairs (A, B)
of 2 X 2 matrices under simultaneous conjugation are generated by the five traces
trA, trA%, tr B, tr B%, tr AB. The classical result of Fricke and Klein [28] states that
the ring of SL,-invariant pairs of matrices is the ring of polynomials generated by
the traces of both matrices and the trace of the product, this is

C[RsL,(F2)I® = C[tr A, tr B, tr AB] ,

where F, denotes the free group in r generators. From this, we obtain that the
character variety Xsp,(F>) is isomorphic to c3.

When the finitely generated group I' is 1 (%), the fundamental group of a genus
g Riemann surface Z,, character varieties are related to moduli spaces of Higgs
bundles through the non-abelian Hodge correspondence ([6, 10, 26, 45]) stating
that the character variety (sometimes called the Betti moduli space) Xg(I') =
Re(D) /G is diffeomorphic (but not complex algebraic isomorphic) to the Dolbeault
moduli space of G-Higgs bundles over X,.

3.2. Arithmetic methods to compute E-polynomials

Here we will recall the ideas behind the use of arithmetics to compute E-polynomials
as polynomials counting the number of points of a variety over a finite field. This
is the strategy used in [23] to compute the E-polynomial of the character vari-
eties Xgr,(I') for I = m1(Z,), the fundamental group of a genus g Riemann surface.
It is based on a particular property of certain varieties for which there exists a
polynomial counting the number of points over almost each finite field, and which
coincides with the E-polynomial. This method is inspired in the Weil conjectures.

Let F, be a finite field with g elements and characteristic p, so that ¢ = p’,
s € N. A scheme X, defined over Z, is called of polynomial type if there exists
a polynomial Cx(r) € Z[f] (called the counting polynomial for X) such that the
number of F,-points of X is given by the evaluation of the counting polynomial
at ¢:
IX/F,| = Cx(g) ,

for every s and almost every prime p (i.e. for every prime except for a finite
number of them).
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Theorem 4. [23, Appendiz] Let X be a Z-scheme of polynomial type with counting
polynomial Cx. Then, X is balanced and the E-polynomial of the complex variety
X(C) := X ®z C coincides with the counting polynomial:

e(X(C);x) = Cx(x) .

Exercise 5. Check that the number of points of C, C* and P{, over finite fields is
actually computed by the E-polynomial, i.e. the E-polynomial is a (the) counting
polynomial for these varieties. Indeed, these varieties are of polynomial type.

In [23, Theorem 3.5.1] the authors compute the E-polynomial of the character
varieties Xgr, (m1(Z,)) with this method. To compute the counting polynomial, it is
used the character formula [23, Proposition 2.3.2] counting the number of solutions
of equations in finite groups. This method has been shown to be successful in [34]
for SL, and in [2] for GL,,, SL,,, n = 2, 3, simplifying the calculations. Computations
for a general I" and GL,,, n > 4 become intractable.

Let us describe explicitly this method in a particular and simpler example,
following [37], where the counting polynomial of the GL,-character variety of the
free group is obtained via counting irreducible representations.

Let T = F, be the free group in r generators and let G be the complex general
linear group GL,(C). Let F, the finite field of g elements, g = p°, p a prime
number. Let

Xa,(F;) = GL,(C)"JGL(C)

be the GL,-character variety of the free group in r generators.
We define the Z-scheme
X,.r = Spec(Z[Hom(F,, GL,(Z))]°"®) = Spec(Z|GL,(Z))1%®).
For each ¢, denote by
An,r(Q) = Xn,r(Pq) 5
A;,r(CI) = X;;,r(]Fq)’
respectively, the number of representations and irreducible representations of these

character varieties over F,. By [23, Appendix] these A,, and A}, are the counting
polynomials for the character varieties Xgr,(F,) and XEL”(F ).

Let us define some operators in the power series ring Q[g][[f]], whose maximal
ideal is rQ[g][[#]]. Define the Adams operator ¥ as

. imtnm
¥ Qlgllll] - Qlgllll] . W'y =Y T (3.1)
m>1 m
and extend it by Q-linearity, whose inverse is given by
NP lu(m)qimtnm
¥ (qt)—Z—m . (3.2)

m>1
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Here pr : N — {=1,0, 1} is the Mobius function such that u(m) = (=1)¥ if m is square-
free and have k primes in its arithmetic decomposition, and u(m) = 0 otherwise.

Exercise 6. Show that the inverse of the Adams operator defined on monomi-
als as W(g'") = Y1 S is the operator defined on monomials as W~ (¢ir") =

/l(m)qimtnm "
Zmzl m .

Define the plethystic exponential PExp by

PExp : - Q[qll[f]] = 1 + 1Q[q][[r]], where PExp(¢'?") = (1 - ¢'t")7", (3.3)

on each monomial and extend it by PExp(f + g) = PExp(f) PExp(g). The inverse of
this map is the plethystic logarithm denoted by

PLog : 1 + 1Qlgl[l7]] — Qlglll1] . (3.4)

Given an element f(q,1) = 14+3,51 f,(0)" € Qlglllt]], the plethystic operators relate
to the Adams operator by

PExp(f) = ¢¥) | PLog(f) = ¥ '(log f) . (3.5)
Define the shift operator S on Q[gq][[f]] by
Sy =g O, (3.6)

and define the power series

Fiy = (@=D@=1...(¢"= D) " (3.7)

nx1

We want to compute explicitly the number of isomorphism classes of absolutely
irreducible representations of the free group in r generators, in order to obtain
a generating series for these quantities. Given that representations of the group
algebra kI' = F,F, are equivalent to representations of the path algebra of the quiver
with one vertex and r loops, we will use the theory of quiver representations in [36].

Define the Hall algebra of the group algebra F,F, by

Hq,rzl—[Q'Va

vl

where the product is taken over all isomorphism classes of finite-dimensional rep-
resentations V of F F,. In this Hall algebra, the grading is given by the dimension
and the product is defined by

[VI- W] =) guuxIX],

[X]
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where gywyx is the number of subrepresentaions U c X such that U ~ V and
X/U =~ W. This makes H,, a Zso-graded complete local associative unital Q-
algebra, where elements with constant term 1 (the class of the zero-dimensional
representation) are invertible.

Define the evaluation map

dim V

t
1: Hq,r b Q[[[]] N [V] [ d m, (38)

which, composed with the inverse of the shift operator (3.6) gives a homomorphism
of Q-algebras S~' o I: H,, — Q[[#]] (c.f. [36, Lemma 3.4]).

Recall that Hom(F',, GL,(F,)) = (GL,(F,))". To compute the number of points
of GL,(F,) we observe that the first row of the matrix can have whichever val-
ues except for the zero vector, then there are ¢" — 1 possibilities. For each one,
the second row can take whichever value except for a multiple of the first row,
then having ¢" — g possibilities. Given the first two rows, the third row can take
whichever value except for a linear combination of the first two rows (which are
¢* linear combinations), then having ¢" — ¢* possibilities. Finally we get

n—1 n
GL.F)I = [ |@ -dh=aP] |- 1. (3.9)
i=0 i=1

Exercise 7. List the elements of GL,(F,) for lower n and g, and check that its
cardinality coincides with the value of e(GL,; x)(¢).

Denote by z the element z = 3};,[V] € H,,, the sum of all (isomorphism classes
of) representations in the Hall algebra, and observe that this element is invertible
because it contains the zero-dimensional representation which is the unit in H,,
Then we obtain the expression
IGL,(FI"

I —_
®= 2, 6L,@,)

Ln®l o _ Z((Z)H(q D)= o ) =S(F®), (3.10)

where S and F are defined in (3.6), (3.7). Given that this implies (S ' o I)(z) = F(¢)
and S~! oI is a homomorphism we get (S~' o I)(z™") = F(1)™! and

1= (Fo™) . (3.11)

Let us write z7! = 2vy YvIV]. Observe that
Hyr31=z2-27"= Y V- 3 pivi= ) (D yo)lXT,
vl vl [X] Ucx

where the inner sum is taken over all possible subrepresentations in a isomorphism
class [X]. Therefore Y cx yu = 0, unless [X] is the zero representation. Note that
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if V is not completely reducible then yy = 0, otherwise it cannot cancel in the
equality 1 = z-z7!. Now we apply [36, Lemma 3.5] to compute the coefficients yy.

Lemma 1. [36, Lemma 3.5] Let S be the set of isomorphism classes of irreducible
representations of B F,. If V = @51esS™ is completely reducible, then

=[]0 IEnd@) )

[S1eS

Proof. Let V =~ @[51esS™ be a completely reducible representation. A polystable
sub-representation U C V (otherwise yy = 0) is of the form U =~ @51e55%, where
0 < as < mg for each [S] € S. Fixing the tuple (as)isies, the number of sub-
representations U C V with that isotypical decomposition is the cardinality of the
product of Grassmanninans

#( | '] Gru, (End(s)™)) = [ms] , (3.12)
[!;]S [QS s liEnd(s)|

ml _ __Imy
where [Vl]q - [n]fi['rz—n]fi’

and the quantum factorials are given by [n]; = [1%,[i], with
[il, = %. Then, let us compute Y,y Yy which is the sum, over all possible tuples
(as)isjes, of the number of sub-representations (3.12) times the coefficient yy from

the statement,

m as %) _ < [m
Dvw=> T] [aj]mndm(_]) |End($)I®) = ] Z[;

ucv as<mgs [S]eS [S]eS a=0

(1% End($)|®.
|End(S)]

Showing by induction that X, [Z]q(—l)aq(;) = 0, for m > 1. We obtain that
S ey Yu = 0, completing the proof. O

Then we can compute I(z™!):

1Y = 1( D wivi)

vl

:Z YV__ dimv
1 Aut V]

_ (=1)"s|End §|(%)
(moaes 1165 | AUt @[S]ES S|

- -
(=1y"s|End §|("*) (Sisies ms dimS\J

[ZlSJeS mg dim S

(ms)ses [S ]€S[

IGL,,; (End S)|
- l_l [ Ml‘zmesmdims] . (3'13)
[S1eS \m>0 |GLm(End S )l
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Observe that, for each irreducible representation S € S, we have |EndS| = ¢”,
where b = dimg, EndS. Then, (3.13) is equal to

[

[S]eS

(3.14)

D@V 5 omaims |
IGL,(F )|

m=0

By applying (3.9) to the finite field of ¢” elements we obtain that (3.14) equals

[ [Z (ﬁ(l - <q”)">-‘]r2mesmdims] : (3.15)

[S1es \m>0 \ i=1

Defining s,(¢) the number of isomorphism classes of irreducible representations
S of F,F, with dimension & and dimgz, EndS = b, we get that (3.15) is equal to

m Sab(q) o \San(@)
]—[ [Z]_[(l_qbi)—l] P l_[ PExp(li—qb) q. (3.16)

aeN! p>1 \m=0 i=1 a€eN’/ b>1

To finish, we need to make use of certain arithmetic functions (see [36, Lemma
2.3, Corollary 3.3, Theorem 4.2]) to conclude that

1(z") = PExp (ﬁ ZA;‘”(q)t"] : (3.17)

n>1

Relating with (3.11), we finally obtain a relationship for the generating series whose
coefficients give the number of irreducible representations of the free group in r
generators over F,.

Proposition 4. [37, Theorem 2.5] The generating series of irreducible representa-
tions of the free group in r generators over F, can be computed from the plethystic
operators as

> 45, @r" = (1 - g PLog s (™)) . (3.18)

n>1
Exercise 8. Search for material in the literature to complete the details to get

expressions (3.16) and (3.17), towards the generating series of the number of irre-
ducible representations of the free group into GL,,, for n > 1.

Remark 6. In [37, Theorem 2.5] it is further shown that

n>0 n>1

ZAn,r(q)f” = PExp [Z AZ,r(q)t”] , (3.19)

which relates the generating series of irreducible representations to the generating
series of all representations. Moreover, the coefficients A, ,(¢) and A (g) are in

n,r
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fact polynomials in ¢ with integer coefficients. By Katz’s result, Theorem 4, these
are the E-polynomials of the GL,-character varieties of the free group, which are
balanced varieties and their polynomials are 1-variable polynomials.

In [15, Theorem 4.10], this result is generalized to GL,-character varieties of an
arbitrary finitely generated group I', whose character varieties are not necessarily of
balanced type, then their E-polynomials are, in principle, 2-variable polynomials.

Exercise 9. Use [35, Lemma 5] and [37, Theorem 2.5] to prove the relationship in

Remark 6,
> Au@)" = PExp [Z A:,r(q)t”] ,

n>0 n>1

relating the generating series of irreducible representations to the generating series
of all representations. Then we have the generating series for the coefficients A, ,(¢):

D An@)" = PExp (1 - q) PLog[S (F() ]| .

n>1

3.3. Stratifications of GL,-character varieties by partition type

The seminal work [31] computes the mixed Hodge polynomials and E-polynomials
of SL,-character varieties of the fundamental group of a Riemann surface of small
genus, g = 1,2. The method used is purely geometrical, opposed to the arithmetic
ideas described in the previous subsection, and relies on decomposing the character
variety into Jordan types of matrices, given that the conjugacy action defining
the character varieties respect this decomposition. For each Jordan type, the E-
polynomial of that strata is obtained by a careful study of the fibrations appearing
there and the monodromy action (c.f. Theorem 3). The E-polynomial of the whole
character variety results as the sum of each piece, by Proposition 3. This strategy
has produced many results, for example [32] for general genus g and [29] for SLj.

In this section we are going to describe a similar but slightly different technique
to stratify GL,-character varieties into Jordan or semi-simplicity types, which we
will call partition types. This is described in [15].

Definition 8. Denote by #, the partitions of the natural number n, whose
elements are

[k] :=[1M2k ... by e P, , (3.20)

where 37, j-k; = n. Let |[k]| = X', k; be its length, the number of elements
counted with its multiplicity.

Recall that Rgr,(I') denotes the set of representations p : I' — GL,,.
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Definition 9. Denote by Rg(]L (') the [k]-polystable representations which are those

representations p conjugated to a direct sum @;:1 pj, where each summand p; €
R* &, (I') is an irreducible representation of the corresponding size.
GL;

Observe that
R, (D) = | | RE (@)
[klePy
Since the stabilizer dimension of a representation is invariant by conjugation, the
action of GL, on Rgr,(I) respects each Rg‘ll_n(l"), then we can define the
[k]-stratum as
X (D) :=RE (D)JGL, . (3.21)

Observe that the irreducible stratum of irreducible representations corresponds to
the trivial partition [n], i.e. XU (D) =Xy (D).

Theorem 5. [15, Proposition 4.3] There exists a locally closed stratification

Xa, = | | X4 @)

[k]eP,

Proof. Observe that the stable locus R ["] (F), i.e. the irreducible representations,
is an open subset of Rgr,(I) and Rar, (F)/GLn is a geometric quotient inside the
GIT quotient. Then, its complement, the reducible representations, is a closed
subset. Repeating the argument for partitions of greater length we obtain a lo-
cally closed stratification where each [k]-strata is an irreducible component of the
representations sharing a stabilizer of the same dimension. O

Thanks to Theorem 5, the computation of the E-polynomial of a GL,-character
variety reduces to the computation for each strata, by Proposition 3. But this still
forces us to understand the monodromy action of GIT quotients by GL,, which
is an infinite group. Let us further reduce this computations to understand the
monodromy under finite quotients.

Definition 10. Let [k] € #, be a partition and let X[k] (D) be the corresponding
stratum of the GL,-character variety of I'. Define the [k] Levi by

Ly := GLY x GLY x --- x GL¥ c GL, , (3.22)
the [k]-symmetric group
St =Sk XSk X X8, CS,, (3.23)
and the [k]-normalizer

Nig = Lyg = S - (3.24)
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The conjugation action of GL, under the stratum Xg“]Ln (') reduces to the action of
the [k]-normalizer (3.24), then notice that

n

X8 @ = RE OINg = RE O (L = Sp) = [ | (X, @) 1S5, . (3.25)

J=1

where the last isomorphism comes from including the action of each block in the
[k]-Levi (3.22), into the corresponding irreducible representation to give an irre-
ducible character variety. Therefore, we are describing each stratum as a product
of irreducible character varieties acted by finite symmetric groups.

Proposition 5. The E-polynomial of the GL,-character variety of I' is computed
additively on the strata as

e(Xar, M) = > e(X8 @)= > e[l_[ (X, %) /Skf] ,

[kleP, [kleP, \j=1

Proof. Using the stratification in Theorem 5 and the additivity of the E-polynomial
under locally closed subsets in Proposition 3, we can compute the E-polynomial
of the GL,-character variety of I" as

e(Xar, (M) = > e(X8 M)= > (R MINw) =

[kleP, [klePy

Z e(Rg‘I]‘"(r)//(Lm > S[k])) = Z 6[1_[ (XELJ(F)X]{]) /Sk,] .

[k]eP, [k]eP, j=1

Remark 7. Note that, in the expression of Proposition 5 we cannot compute each
E-polynomial in the sum by partition types, just by multiplying the E-polynomials
of each irreducible character variety in the product. This is due to the fact that
the action of S is not diagonal in the product and permutes representations in
the k; irreducible GL-character varieties of the same j.

We conclude the section with an example of a stratification of a
character variety.

Example 11. Let us describe one of the strata in the stratification of the GLo-
character variety of a general group I'.

Consider the partition [k] = [1° 22 3] € P9, where 1 -3 +2-2+3 = 10. The
[k]-polystable representations in Rg‘{m(r) are those representations p such that
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the image of all generators of I are simultaneously conjugated to a matrix of this
shape:

* KX X X X X X X ¥ ¥
* X X X X X X X * ¥
* X X X X X ¥ X ¥ ¥

The associated [k]-Levi are matrices of this form:

*

= GL® x GL}* x GL; .

And the [k]-symmetric group is S = 3 X S, permuting the three blocks of size
one and the two blocks of size two.

Therefore, the E-polynomial of the stratum can be computed as

e(X4] (D) =e(RE] MLy = Sw) = e (X5, 0)F/S3 x X, (D[S 2 x X (T)).

4. AN EXPLICIT COMPUTATION: E-POLYNOMIAL OF THE GL3;—~CHARACTER
VARIETY OF THE FREE GROUP

In this section we use the techniques presented before to actually compute some-
thing: the E-polynomial of the GL3-character variety of the free group. We follow
the arithmetic methods of [37] combined with the geometric technique of partitions
in [14, 15].

4.1. Step 1: E-polynomials of irreducible character varieties of the free group

Recall (c.f. [23, Appendix]) that the E-polynomials of Xg; (F,), the irreducible
GL,-character varieties over the free group, equal the polynomials A; ,(q), counting
the number of points of these varieties over the finite field F,. Let us use the
combinatorial techniques in [14, 15, 36, 37] to compute these polynomials.
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Proposition 6. /14, Proposition 6.2] The E-polynomials of the irreducible character
varieties A, (x) = e(Xg (F,)) are explicitly given by

. (n/m) (=D ] - i kG
A== ”n”/n’z’ > i (k,,...,km) | 1| e OF
a

min k1P,

where the polynomials bj(x) are the coefficients of the series F7' (1) = 143,51 ba(X)1"
and F(1) is given in (3.7).

Proof. By (3.18) and (3.5), we have that generating series of the Ay (x) satisfy

Z A, (01" = (1= x)PLog[S (F®O™')| = (1 - ¥ [log (S(F()™)]

nx1

with F() as in (3.7), and S as in (3.6), then

S(FO) =1+ by 00 1

n>1

3

Using the Taylor series log(l +z) =z — z 4 % — -+, and the multinomial theorem:

2

2
log[1+ > by(x)x"M0) r"] = [Z by(x) X7V z"] - % [Z by(x) x7D6) z"]

n>1 n>1 n>1

3
+ % [Z by(x) x77D0) t"] .

n>1
: DM\ ok k@) |
_’; W(kl,_._,km)gbj(x) .Xk M.

[K1€Pm
(4.1)

where
| 4] _ _
ki,....kn k! k!

are the multinomial coefficients and the inner sum runs over partitions #,, from
Definition 8.
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Finally, let us apply the Q-linear operator ¥~! in (3.2) to the expression (4.1):

mzz‘fw—l [k]ezp (- T[)llc[k] 1( ] )ﬁ[ ) (x)k/xk,.@_l)(;)} t,,,]:
e [k]; - T[)llc[]k; ](kl,.[.k.] | )ﬁlz “7 bk kD) i =
;;};#(n/m) [ k; (—:[)k[]klll—l(kl 3] )ﬂb( iy 5 G

The proposition follows from here, multiplying by (x — 1). i

Recall that

F()=1+ Z a, ()" and F ') =1+ Z ba()!" ,

n>1 n>1

where a,(x) := (x— D> - 1)...(x" - 1))r_l, are formal inverses. They are related
by D=0 @kbu-k = 0, ap = by = 1. From this, we can compute the first three b,(x)
recursively as

by=-a;, by= a% —ap, b3z= —a? +2aia, — as , (42)
obtaining

bi(x) = —ay(x) = —(x = 1),

by(x) = aj(x) — ap(x) = (x = )7 = (x = (= 1)
=(x-D"2(-(x+ D) +1),

b3(x) = —a}(x) + 2a; (x) az(x) — as(x) =
=x-D3(—x+ D)@ Hx+ D) 20+ D=1

Then, by substituting in the formula of Proposition 6, we get explicit calculations
of the E-polynomials of the irreducible character varieties A; .(x) = e(XELX(F ), for
n=1,2,3.
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Proposition 7. The E-polynomials of the irreducible character varieties A;, (x) =
e(Xg (Fr), forn=1,2,3, are given by

oXe, (F) = A}, (0 = (=17,

(X5, (F)) = A5, (%)

x-1) (%bl(xz) + %bl(x)z - bz(x)xr_l)
= -D(@-D"Y N+ =)

1 1
LGV GRS VAR

1 1
(X5, (F) = A5, (%) (x—-1) (gbl(x% - 351007 + by - b3(x)x3’3)

= (x- l)r(— %(x2 +x+ 1!

1
+()C _ 1)2r—2(§ _ xr—l + xr—l(x+ 1)r—1 + x3r—3

e TR T =2 P ek ).

Exercise 10. Compute by(x) as in (4.2) and compute e(Xg, (Fr) = A} (%) as in
Proposition 7.

4.2. Step 2: Computation of the abelian strata

Let us compute separately the E-polynomial of the smallest and most singular
strata, Xgil(F,), which corresponds to representations of the free group in r gen-
erators into GL, which are simultaneously reducible to diagonal matrices for each
generator. This stratum will be called the abelian stratum, due to the fact that
their representations reduce to an abelian subgroup of GL;. The following lemma
shows that studying representations in the partition [1"] is equivalent to studying
representations of the abelianization of F,, this is of Z", into GL,.

Lemma 2. [15, Lemma 5.2] The abelian stratum is isomorphic to the character
variety of the abelianization of F,:

X5 (F) = Xa,(2)) .

Proof. By Schur lemma, if ¢ € Aut(C") and p : I' - GL,, is an irreducible represen-
tation such that p(y) € GL, commutes with ¢ for every y € I', then ¢ must be a
scalar multiple of the identity. Then, if I' = Z" abelian and p is irreducible, p(y) is
a multiple of the identity for every y € I', hence the irreducible representations of
the abelian group Z" are necessarily 1-dimensional.

Therefore, a polystable representation p : Z" — GL, splits into a direct sum
of irreducible representations and, hence, belongs to the strata REL] (Z"). By com-

(F"), then

"]

posing with the quotient F, —-» Z" we get a representation of RQL”
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R’éSL"(Z’) c R[Gli]n(F "), this inclusion of the polystable points being a morphism
of algebraic varieties.

On the other hand, a representation of R[l ](F ") has its image into an abelian
subgroup of GL},, then under the quotient F, - Z" it defines a unique representa-
tion of Z" given that all commutators are sent to the identity in GL,. Then, we
obtain an isomorphism

[17] ~ QP
RGL"(Fr) = RGL”(Zr) >

which provides the isomorphism of the statement of the Lemma by taking quotients
to the character varieties. O

Now let us compute the E-polynomial of the abelian character variety Xar,, (Z").
For a detailed study on abelian character varieties, see [16, 30].

Proposition 8. [16, Theorem 5.1] The E-polynomial of the GL,-character variety
of the free abelian group in r generators is

e(Kar,@N= Y ﬁ—(’“j‘ b

eP, j=1 kit
Proof. As we said in the proof of Lemma 2, all irreducible representations of the
abelian group Z" into GL, are 1-dimensional, therefore
e(Xg (Z) = Ayr() =0, forn>2.
For n = 1, the conjugation action in the GL; = C*-character variety is trivial, then
e(XcL,(Z") = e(Ro, (Z")) = e(Hom(Z",C7)) = e((C")") = (x - 1)",
using the computations in (2.11) and Proposition 1.

Now, using the relationship (3.19) between the generating series, we obtain:

Z AZ (0" = PExp (A7Z (x)r) = PExp ((x - 1)'7) .

n>0

Let us compute this plethystic exponential using its definition in (3.3):

(/ljfl)rt/)

PExp((x — 1)1) = eV = e(Z’Z‘ W) _ 1—[ e( ;

=1

( J _ l)rk jk ( Jj _ 1))rk
(15555 -2 3 112

j=1 k>0 n>0 [k]leP, j=1

where note that, in the last equality, we put together all terms contributing to ¢*,
which are precisely all partitions n = Z?Zl Jjk;. The proposition follows from this.
m|

Rev.Mate. Teor.Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 33(2): 207-255, Jul — Dec 2026



236 A. ZAMORA

Let us finish the section by applying these results.

Proposition 9. The E-polynomial of the abelian stratum of the GL3-character va-
riety of the free group in r generators is

@rxtly (2—1y (-1
3 2 T 6 )

3
i) -cee |
Proof. By Lemma 2 and Proposition 8, we have

3 . rk'
3 r (xj — 1) :
e(X[GILL(Fr)) = e((XaL,(Z) = Z 1 [ kA
heps j=1

There are three possible partitions in P3 of the integer 3:

[3], Withk1=0,k220,k3=1,
[12], withk =1, k=1,k3=0,
[13], withk =3,kb=0,k3=0.

Then, by plugging these numbers into the previous expression, we get:

-k (=10 R A o Vi

kL 0 0 1
iep, il k! ki 0!'1 0!2 1!3
(x_ l)r-l ()C2 _ l)r-l (x3 _ 1)r~0
TR T TS
(X— 1)r-3 (X2 _ l)r-O (x3 _ 1)r~0
3150120 0130
(x3 _ l)r ()C2 _ l)r ()C _ 1)3r
= +(x-1) + ,
3 e 6
from which we get the expression of the statement, factoring by (x — 1)". O

Exercise 11. Compute e(/\’gg(F,)) (c.f. Proposition 9).

4.3. Step 3: E-polynomial of the GL;—character variety of the free group

Finally, let us compute explicitly the E-polynomial of Xgi,(F,), the GL3-character
variety of the free group in r generators.

By Theorem 5, we will stratify the character variety into three strata, corre-
sponding to the three possible partitions of the integer 3, P53 = {[3],[1 2], [1°]}:

Xor(F) = | | X8 (F)=a4] oG 0 XU (F,) . (4.3)
[k]eP;
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The stratum labeled by the partition [3] corresponds to the irreducible repre-
sentations and the label [13] corresponds to the abelian stratum. By (3), the
E-polynomial can be obtained as the sum of the E-polynomials of each stratum:

e(XoL, (F)) = (X (F) + e(Xo 2/ (F) + e(Xly (F))) . (44)

Using Proposition 5 we can further decompose the calculation of the first two
strata into those for irreducible character varieties and get

3
(X, (F) + e(Xg, (F)) - (X, (F) + e(Xg | (Fp) =
, i 3
AL () + A5, (x) - A} () + e(XG,  (F)) .
The E-polynomials A% ,j = 1,2,3 of the three irreducible character varieties are

computed in Propositfon 7 and the E-polynomial of the abelian character variety
3
Xng(Fr) is computed in Proposition 9.

Gathering together all the computations we obtain the following

Theorem 6. [15, Theorem 6.7] The E-polynomial of the GL3-character variety of
the free group in r generators is

e(XgL,(F)) = (x— 1) [%(xz +x+ D7 Na+ Dx+ %(x -D)'(x+1)"'x
+ (x =12 ((x + 1! (x3’*3(x2 Fx+ 1) X - 2x3”3) xS -+ éx(x - 1))] .

We can obtain some direct geometric information from the E-polynomial com-
puted in Theorem 6.

Corollary 1. The GL3-character variety of the free group in r generators is an irre-
ducible affine algebraic variety of complex dimension 9r—8 and Euler characteristic
zero.

Proof. Note that the leading monomial of e (XgL,(F,)) has exponent (see the first
terms of the second line)

r+Q2r-2)+(r-D+Q@r-3)+2(r—-1)=9r-8.

The leading coefficient is equal to one, then the top Hodge number is one, hence
the irreducibility (c.f. Remark 3). By setting x = 1, the factor (x — 1)" yields the
Euler characteristic equal to zero. O

Remark 8. To proceed with the calculation of e(XgL,(F,)) in rank 4 is not au-
tomatic from the steps followed in Theorem 6. This is due to the presence of
the partition [22] whose polynomial is not the product of the polynomials of two
irreducible character varieties, but a quotient of these by S,. See the notion
of rectangular partitions in [14, 15] for details on achieving the calculation for
general n.
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5. STRATIFICATIONS OF G—CHARACTER VARIETIES

In this section and the following one we sketch the results of [18] where the authors
extend the GL,-stratification in [15] (see Section 3.3) to a general G-character
variety, where G is a complex reductive algebraic group. We will produce a locally
closed stratification of Xg(I') into strata indexed by the parabolic subgroups of G,
and will reduce the computation of each strata to a subvariety of representations
(forming a core and a pseudo-quotient), which simplifies considerably the problem.

5.1. Pseudo-quotients and cores

Here we recall the main ideas of [17] about the notions of pseudo-quotient and core
of an action of a group in a variety. We will observe that pseudo-quotients are the
right quotient notion to deal with motives in the Grothendieck ring (c.f. Remark
5) and, therefore, with E-polynomials.

In the following, we denote by (X, G) the pair consisting on an algebraic variety
X and a complex reductive algebraic group acting G acting on X.

Definition 11. Let (X, G) be a pair as before and let (Y, ) be another pair consisting
on an algebraic variety Y and a regular morphism n: X — Y such that

(1) = is surjective.

(2) = is G-invariant.

(3) W C X closed G-invariant, then (W) C Y closed.

(4) If Wi, W, € X closed G-invariant, Wy N W, = 0 © n(W;) N x(W,) = 0.

(5) If V. C Y open, n induces an isomorphism 7* : Oy(V) = Ox(z '(V))¢ C
Ox(x~ (V).

(6) Tt is an orbit space, i.e. G- x is closed in X for every x € X.

If (1), (2), (3) and (4) are satisfied, then (¥,7) is a pseudo-quotient of (X, G).

If, moreover, (5) is satisfied, then (¥,x) is a good quotient of (X,G).

If, furthermore, (6) is satisfied, then (¥,7) is a geometric quotient of (X, G).

The notion of good quotient is the one used in geometric invariant theory [38,
39], and therefore character varieties are good quotients, which are unique and
categorical. However, good quotients do not behave well motivically, in the sense

that they may not commute with stratifications. Pseudo-quotients, by contrast, are
not unique nor categorical quotients. This is a weaker notion capturing topology
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but not algebra in the sense that if 7 is a pseudo-quotient, for every open subset
V C Y, n induces the morphism

7 Oy(V) = Ox(n” (V)¢ = Ox(x~'(V)),

which is not necessarily an isomorphism. However, they capture completely the
motivic information of the quotient.

Proposition 10. [17, Proposition 3.7, Corollary 3.8, Corollary 4.8] If (Y,7), (Z,£)
are two pseudo-quotients of (X,G), then the motives [Y] = [Z] are equal in KVar
and, then, the E-polynomials e(Y) = e(Z) are equal.

Using the notion of pseudo-quotient, we will reduce the motivic computation
of each stratum to a core, which comes from the following idea. Given a pair
(X, G), suppose that there exists a subvariety ¥ C X such that it meets all closures
of orbits, this is, G- xNY # 0 for every x € X. Then, for every point in the GIT
quotient [x] € X/G, there exists a representative y € Y with [x] = [y]. However, Y is
not a slicing: we must quotient by a subgroup H C G leaving Y invariant. This idea
resembles on the notion of polystable points in moduli theory: all S-equivalence
classes in a moduli space contain a polystable representative.

Definition 12 (See Figure 5.1). A core for (X, G) is a pair (¥, H) given by a subvariety
Y C X and a subgroup H C G such that

(i) Y is orbitwise-closed for the H-action, i.e. H-yCY, forallyeY.
(ii) For every x € X, we have G- xNY # 0.

(iii) For every two Wy, W, C Y disjoint closed (in Y) H-invariant subsets, we have
thatG~W1 ﬂG-sz(Z).

Proposition 11. [17, Proposition 5.8] Suppose that (X,G) has a core (Y, H) and
(X,G) admits a categorical quotient. Then, for any two pseudo-quotients X — X,
Y > Y of (X,G) and (Y, H) respectively, we have [X] = [Y] in KVar.

In particular, if there exists GIT good quotients X — X|G and Y — Y[H, then
the motives [X[G] = [Y/H] are equal in KVar and, therefore, the E-polynomials
e(X|G) =e(Y[H) are equal.

5.2. Root data
Here we collect some basic knowledge about root data of Lie groups. For an

extensive treatment on this, see [3, 46].
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Figure 5.1: Core (Y, H) of (X,G).

Let G be a complex reductive algebraic group. Fix a Borel subgroup B and
a maximal torus 7 such that T ¢ B ¢ G. Each conjugacy class of parabolics £
contains a unique standard parabolic P such that T c BC P C G.

The characters and cocharacters of T are dual free abelian groups
XYEXM=:T->CY} , AeX.(T)={1:C" > T},

with pairing (y, 1) € Z. The roots ® C X*(T) are weights for the adjoint action of T
on Lie(G). Roots are in bijection with the coroots ®" C X,.(T) by ® > @ < a” € ®¥
satisfying the pairing (@, ") = 2.

The Weyl group of G is defined as W =~ Ng(T)/Zg(T) Cc Aut(X*(T)), and it is
generated by the reflections

Sa : X' (T = X(T), x> x—(x,a ).

We will call root datum of G to the set
R=(X",,X,,d),

given by characters, roots, cocharacters and coroots. The information in the root
datum recovers completely the group G. The dual root datum is given by inter-
changing characters with cocharacters, and roots with coroots:

RY = (X, 0", X", D).

This dual root datum recovers another reductive group which is called the Lang-
lands dual group of G and it is denoted by *G. For example, the complex groups
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G = SL, := SL(n,C) and G = PGL, := PGL(n,C) are Langlands dual groups,
as well as G = Sp,, := Sp(2n,C) and LG = SOy, := SOQ2n + 1,C). The groups
GL, := GL(n,C) and SO,, := SO(2n,C) are Langlands self-dual.

Let us recall how parabolic subgroups are given by subsets of the Dynkin
diagram. Pick a set of positive roots ®* and a set of simple roots A ¢ ®* (which
are the nodes of Dynkin diagram of the semisimple part of G). Subsets I C A are
in bijection with conjugacy classes of parabolics P; or standard parabolics such
that T ¢ B c P; ¢ G. Observe that Py = B and Py = G. There are 24! (conjugacy
classes of ) parabolics.

For each I ¢ A we define define the following groups:

e @; C @ is the subset of roots generated by a € I, and we define @ similarly,

I-torus, defined as T; := (N, kera)° € T,

I-Levi subgroup, defined as L; := Zg(T)),

I-normalizer, defined as N; := Ng(T)),

I-Weyl, defined as W; := Ng(T1)/Zc(T1) = Ni/L; (not to be confused with the
Weyl group of L;).

Observe that the root datum of L; is (X*(T), @7, X.(T), @}).

5.3. Reducing motivic computations via parabolic stratification and cores

Let Xg(I') be the G-character variety of a finitely generated group I'. Let us
produce a stratification of Xg(I') into parabolic types in order to compute their
motives and E-polynomials using the idea of pseudo-quotient and core.

First, we decompose the representation space Rg(I') = Ujca /7%;,(1“) into conju-
gacy classes of parabolic representations where we will denote:

Rp, D) :={p:T = G, p(I') C Py}, the P;-representations,

’ﬁp, () := Upep, Rp(I) = G - Rp,(I), the conjugacy class of P;-representations,

R;} (I) = Rp,(M\ U s Rp, ('), the Pj-irreducible representations,

’ﬂ?}‘,l O =G R}‘,l (T), the conjugacy class of P,-irreducible representations.

And define similarly the subsets Ry, (I'), ﬁL, @ ), 732, @ ), ’7321 (T') for Levi L;-representations.

The following result produces the desired motivic decomposition via parabolic
stratification.
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Theorem 7. [18, Theorem 4.13 and corollary 4.14] For each subset I C A, the pair
(RZI,NI) s a core for (R*I,G). Therefore the motives
[R},(D)/G] = [R},(D)IN)],
are equal in KVar and, hence, the E-polynomials
e(R,(D)G) = e(Ry,(D)IN;).

are also equal.

Proof. To prove this result we check the conditions in Definition 12 of core. First
we show that RZI is polystable and Nj-invariant, therefore it is orbitwise-closed.

Then, if a representation p € /ﬁl*,l(l"), then G-pNR; (I # 0. Finally, if two
representations p, 0, € R;{(r) satisfy G-p; NG - py # 0, then gy € N; such that
80 P1 = p2- o

Theorem 8. [18, Theorem 4.15 and Corollary 4.17] For every reductive group G
and every finitely generated group T', we have that

[(Xe(D)] = [Re()]G] =

JRs @G

ICA

= > [RL@uN]

1€28 [~y

and also

= Z e(Ry (D)IN;) .

1€28 [~y

e(Xo(T) = e (Ro(D)]G) = e (U Ry, (0)/G

ICA

If, moreover, the sequence
1l — Ly =Zs(T)) — Ny = Ng(T)) — W = N,/L; — 1
splits, hence, Ny = Ly < Wy, then the decomposition simplifies to

XM= > [XE@UW] and eXe@)= > e(X5MIW) .

128 [~y 128 [~y

Proof. We provide a sketch of the proof. We have that Rs(I) = Ujca ﬁ;‘,}(l"), then
show that ﬁ;} (') are G-invariant, orbitwise-closed and locally-closed. By Theorem

7, we have [R% ()/G] = [Rf (D)/N;]. Now, note that Ry, () are not disjoint.
However, if p € R} () is conjugated to p" € RY,(I) for I # I, then L; is conjugated
to Ly by w e W, and therefore I ~y I'.

For the second statement, notice that if the sequence splits, then

Ry (D) | Ny = R} (D) [/ (L = Wp) = (RE.(D) [/ Ly) ) Wi = X},(D) ) Wi .
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6. MOTIVIC COMPUTATIONS FOR ABCD LIE GROUPS

In this final section we describe the parabolic stratification of the G-character
variety, for certain groups G of Dynkin type A, B, C and D. The reader con
consult the details in [18, Section 5].

6.1. Stratification for GL,-, PGL,- and SL,-, type A

This case recovers the results in [15], by re-interpreting them in terms of root data
in Lie theory.

Let us consider first the reductive group GL, whose Dynkin diagram is

?—ZF ﬁl , of type A,_1. In this case, simple roots are labeled as A =

{1,...,n—1}
We fix a basis (e, ez,...,¢e,) of C" and choose B upper triangular invertible
matrices. Then, the subsets I € A, A\ = {i},i,...,i;} are in bijection with

standard parabolic subgroups P; of the form

*

*
* K X ¥ X
* % ¥ ¥ *

Parabolics are, in turn, stabilizers of the flag
oegvieW,gc---gvycC,

where V; = (ey,...,e;;). In particular:

e B corresponds to I =0, A\N\I=A={1,2,...,n— 1} and to the full flag
ocvicWv,c---QV,,,cC.
e GL, corresponds to I = A, A\ I =0 and to the trivial flag 0 ¢ C".

e Maximal parabolics P; correspond to complements of single nodes I = A\
{iy}, A\I={i;} and to 1-step flags 0 ¢ V; ¢ C".

s+1

Levi subgroups are Ly = []}Z;

GL,;, corresponding to matrices of the form

*

which are stabilizers of the graded object of the filtration given by P;, this is

cn = @;:: V;/Vj1, with 4; = dim V;/V,_;. In particular:
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o Ly =Tg, is the maximal torus.

e [, = GL, is the whole group.

Recall (Definition 8) the notion of the partitions [k] = [1% ... j* ... nk] € P,
and notice that these are in bijection with subsets I/ ~y € 2%/ ~w, under the
action of the Weyl group (permuting blocks of the same size). Observe that the

I-normalizers are
Ny = NgL,(T1) = Njig = Lig = S

therefore, this completely recovers Theorem 5, the isomorphisms in (3.25) and
Proposition 3 from [15].

Let us describe the stratifications for the Langlands dual groups G = SL,, and
LG = PGL, of type A,_1, whose Dynkin diagram is also ?—ZF

n-2 n—-1"

The stratification for SL,, is

Xo, () = | | X8 @),
[K]eP,

where a representation p belongs to the [k]-stratum if

n kj
pP= @ g?pjf € R;skﬁn @).

j=1 =

Here each p;, € ‘R*GL/_(F) is irreducible with [];,det(p;¢) = 1. Associated Levi
subgroups are

n n
kj kj
L= e| oLy |[ [dewan=1p <] ]oLy,
j=1 il j=1
and each stratum is described as

Xl (D) 1= Ko, (DS = {(0io) € [ [ X6, @ (] | dettojor =17 18-
j=1 il

The stratification for PGL, is

Xpar, () = |_| /\’g((];Ln (D
[k]ePy,

where a representation p belongs to the [k]-stratum if

no ok
pP= {@ @pj,t’] /C" e st{?bl(r) .

j=1 =1
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Now, each pj, € Rg () is irreducible. Associated Levi subgroups are

n K .
Lo =0 e oL e,
j=1

and each stratum is described as

n
Xpor, () := Xipor, (DS = ([]_[ X;,L,(r)"f] /@*] IS -
1) i
Topological mirror symmetry conjectures that certain topological invariants should
be equal, or mirror in some sense, for geometrical objects constructed out of Lang-
lands dual groups G and 'G. In particular, it is conjectured that the motives and
E-polynomials of the character varieties Xg(I') and X:5(I') are equal. This has been
proven to be true in some cases, [24] for SL,, PGL, and the fundamental group of
a Riemann surface, [20] for SL,,PGL, and the fundamental group of a Riemann
surface, and [14] for SL,, PGL, and the free group. Other cases remain as an open
problem to the best of our knowledge.

One of the applications of the stratification of the G-character variety into
parabolic types is that it is motivic, then checking mirror symmetry boils down to
check it stratum by stratum.

Theorem 9. [14, 18] Topological mirror symmetry holds [Xs.,(T)] = [XpoL,(D)]
(resp. e(XsL,(T) = e(XpagL,@T))) if and only if [X[SkL]"(F)] = [X{,%L”(F)] (resp.
e(X[SkL]"(F)) = e(Xg‘C];Ln(F)) ) holds stratum by stratum.

6.2. Sp,,, type C and SO, type B
We begin by considering G = Sp,, whose Dynkin diagram is ?—ZF

n-2 n-1 n

of type C,. Here, simple roots are A = {1,...,n} with n the unique long root.

We fix a basis (eq,...,eu, f1,-.., fu) Of C?" such that w = Y%, e* A ff is the

i=1%i
standard symplectic form on C*. Given vectors u,v € C?', with coordinates
(xZ, s icﬁ, y’% - ,yp)and (x],..., %, ¥],...,y,) respect to the basis, we have w(u, v) =
Zim1 X[y = VX
Subsets I € A, A\ I = {i},...,i} are in bijection with standard parabolic
subgroups P; which are stabilizers of the flag
OcVig--CVig gV, eV gV ¢ gV cC™,

where V; = (xi,...,x;) for 1 < j< s are isotropic subspaces (under the symplectic
form) and le = (X1, .+ es Xns Yij+15- - > Yn). There is a special maximal parabolic for
I = A\ {n} yielding a lagrangian (maximal isotropic) flag

0C Vi=(x,.... %)< C™"
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The action of the Weyl group W = Z] =< §, on 2% decomposes it into two classes,
22 =0,uQ,,

each defined by whether its elements contain the long root n or not. Each class
has the following features.

e 1cQ,={I:n¢gl}, A\I={i,...,i;=n}:
— Equivalence classes in Q. ~w correspond to partitions [k] =
[Tk ki nk] e P,

— The flag contains the lagrangian subspace V; = (xi,...,x,) = Vif.

— Levi subgroup Ly = Ly, = ]_[’}:1 GL];/ is stabilizer of the splitting of the
flag V, c C?".
— Weyl group is Wy = Cgk]l = Sk and normalizer is Niyy = Ly = Wiy, then

strata are
« k
XGleJ//(Z|2[ 15 St) -
e [cQ,={I:nel} A\I={i,...,ig<n}:
— Equivalence classes in Q,/ ~w correspond to partitions I, := [k] U {n},
kl=[1k- 5 omf] e P, m < n.
— The flag does not contain the lagrangian subspace {(x,...,x,).
. k; . .
— Levi subgroup L,y = Ly, = [T}, GL " X Spy(_m 1s stabilizer of the
splitting of the flag V, c C?".
— Weyl group is W, iy = ng]‘ = Sy and normalizer is Ny = Lyg = Wai,

then strata are

5 k
XGleJXSsz / (Z|2[ T Sw) -

—m)

From this, we can decompose motivically the Sp,,-character variety.

Theorem 10. [18] The parabolic stratification of the Sp,,-character variety of a
group T yields the following decomposition of the E-polynomial:

n—1
€ (XSPZn (r)) = Z e( EL[H {0/ (ng]l . S[k]))+ Z Z e( aL[k]XSPZ(n—m) @/ (ng]‘ . S[k])) :

[k]eP, m=1 [k]eP,,

Now we reproduce the analogue for the group “G = SO,,,; whose Dynkin

diagram ?—ZF o of type B,. Here, simple roots are A = {1,...,n},

which n the unique short root.

Fix a basis of C***! with respect to which the quadratic form Q : C¥*! — C
is Q(v) = x1y; + -+ + Xy, + 2%, where (X],..., X1 ..., Vs, 2) are the coordinates
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of v € C*! in the chosen basis. Again, subsets I € A, A\ I = {ij,...,is} are in
bijection with standard parabolic subgroups P; which are stabilizers of the flag

OCVigc- eV, GV, VeV g cVigC!,

in

where V; = (x1,...,x;) for 1 < j < s are isotropic subspaces and VjL
= <-x1’ e ,xn,)’i,»+1, e ,)’mZ>-
The action of the Weyl group W = Z} >« S, on 22, decomposes it again into two

classes,
24 =0,uQ,,

each defined by whether its elements contain short root n or not. Each class has
these properties:

e [eQ,={I:n¢l}, A\I={i1,...,i;=n}
— Equivalence classes in Q.  ~w correspond to partitions [k]
= [1k ...jk,-...nkn] eP,.

— The flag contains the maximal isotropic subspace V;, = (xi,..., x,), with
V,J; = (X1, s X, 2)e

Levi subgroup Ly = Ly, = H;le GL];j is the stabilizer of the splitting
(acting trivially on (z) = V;-/V).

— Weyl group is Wy = ng]l > 8 iy and normalizer is Ny = Ly = Wiy, then
strata are
« k
Xopy 123" < Swy) -

e [eQ, ={I:nel} A\I={i,...,iy<n}
— Equivalence classes in Q,/ ~w correspond to partitions I, := [k] U {n},
(K] =[15 - 5 mbn] € P, m < n.
— The flag does not contain the maximal isotropic subspace {x,..., X,).

— Levi subgroup L,y = Ly, = 1%, GL];.’ X SOsp-my+1 is the stabilizer of
the splitting.

— Weyl group is W,y = ZI > S and normalizer is Ny = Loy = Wo s
then strata are
* K]l
GLx1XSO2(1-m)+1 //(ZZ s S[k]) .

Again, this allows to decompose motivically the SO,,,-character variety.

Theorem 11. [18] The parabolic stratification of the SOy -character variety of a
group T yields the following decomposition of the E-polynomial:
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¢ (Xs0,, D) = Y (X, I = S )
[k]eP,
n—1

* [&]|
+ Z:l [k]zq; ¢ (XGL[kJXSOZ(n—m)H @™/ (Z2 =S [k])) :
m= €Fm

By comparing the expressions in Theorems 10 and 11, we observe that topologi-
cal mirror symmetry holds for the Langlands dual groups G = Sp,,, and *G = SO+,
if and only if it holds stratum by stratum. Notice that first summand is equal in
both formulae, then equality holds if it does for the second summand.

Corollary 2. [18] For the character varieties of the Langlands dual groups Sp,, and
SOz,11, topological mirror symmetry (i.e. equality of motives or E-polynomials)
reduces to show it for the irreducible character varieties X*S‘ph @) and X;OZM @) and
for each

* k * k
XGL{k]XSPmHm O/ (Zg ! Sw) and XGL{HXSOz(Hnn(F )/ (Zg s (k) 5

where (k] € P, and m=1,...,n—1.

Note that the decomposition in the stratification for G = Sp,,- and £G = SO,41-
character varieties involve strata for GL, and groups of the same Dynkin type as G
and “G of lower or equal dimension. This reduces the computation in a recursive
way to lower rank invariants. Nevertheless, observe that we still need to prove
e (X ’épz" (F)) =e (X;OMI(I“)) for irreducible representations.

To summarize the results in [18] we can say that to compute the E-polynomial
e(Xg(l")) we need to compute the E-polynomial of the irreducible locus e(Xg(l"))
and, then, use the polystable stratification to reduce the computation of the lower
strata to cores, yielding the E-polynomials e(z\’zl(l")// W,). There are two advan-
tages in doing this: we gain recursion by leaving the computation in terms of pre-
viously known invariants, plus we substitute more complicated infinite quotients
in cohomology by finite ones.

We end this subsection with an example particularizing the situation for the
Langlands dual groups Spg and SO7.
Example 12. The Dynkin diagram of G = Spy is ?—33:? of type C3 with simple
roots labeled as A = {1,2,3)}, n being the unique long root. The basis of C°® that
we fix is (x1, X2, X3, V1, Y2, ¥3), with w is the standard symplectic form ( _(;3 18 )
The full flag in this case is

0CVi=()EVa=(x1,0) & V3 =(x1,x,x3) = V5 C

6
Vi = {x1, X2, x3,y3) € Vi = (x1, X2, x3,2,y3) & C°.
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On the other hand, the Dynkin diagram of G = SO5 is ?—g:‘zg of type Bj

with simple roots labeled as A = {1,2, 3}, n being the unique short root. The basis
of C7 that now we fix is (x1, X2, ¥3,2, y1, Y2, ¥3), with w being the quadratic form of
expression x;y; + Xy, + x3y3 + 2%, in coordinates of the basis. The full flag in this
case is

0 c Vl = <-x1> c V2 = <xl9x2> - V3 = <)C],.x2,x3> - V3J_ = <X1,x2,x3,Z> c

7
Vi ={x1,X2,%3,2,¥3) € Vi = (x1,%2,%3,2,y2,y3) S C' .

For both cases, given a subset I C A, we remove the terms indexed by elements
of I in each full flag and obtain that P; is conjugated to the stabilizer of that
reduced flag, and also that L; is conjugated to the stabilizer of the graded object
of the flag. Let us see this for two particular subsets 1.

First, suppose I = {2}. For G = Sp, we obtain:
Py stabilizes 0CV,CVa=Vy V¢ cs,
L; stabilizes  V, @ V3/Vy @ Vi/Vy @ Co/V},

where note that L; contains the action of GL; on the first factor and GL, on the
second factor, and the action on the other two factors is the induced one because
of the symplectic form, then L; ~ GL; X GL,.

Now for G = SO, we obtain:
Py stabilizes 0CV,CVigVycVigc,

L; stabilizes Vi@ V3/Vi@Vy/VseVi/VyeC'/Vi.

Now, note that L; contains again the action of GL; on the first factor and GL,
on the second factor. On the third factor V3 /V3 the action is trivial, and on the
remaining two factors the action is the induced one because of the orthogonal form,
then L; =~ GL] X GLZ

Then, using Theorems 8, 10 and 11, we can compute the E-polynomial of the
strata as

1={2} _ * * 2\ _ I1={2)
e(Xg (D)) = e(Xor, X X1,/Z3) = e (X (D)
noticing that they are automatically equal because both the Levi L; and the finite
group in the quotient are isomorphic.

Now suppose I = {2,3}. For G = Sps we obtain:
P, stabilizes 0CV, C Vi ¢ cs,
L stabilizes Vi @ V{-/V,; @ C/V}-.

Here, L; corresponds to the action of GL; on the first factor (inducing the same
on the third factor) and Sp, acts on the second factor, then L; ~ GL; X Sp,.
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For LG = SO; we obtain:
P stabilizes 0CV; cViigC’,

L; stabilizes V, @ Vi /V,@C'/V}.
Now L; contains the action of GL; on the first factor (inducing the same on the

third factor) and SOs acts on the second factor, then L; ~ GL; X SOs.

Once more, using Theorems 8, 10 and 11, we can compute the E-polynomial
of the strata as

e(XGPID)) = e (X, x Xs,/Z2) = e (X, X Xio,/Z2) = e(Xsa™@).  (6.1)

Now, however, we cannot assure that these polynomials are equal because the Levi
subgroups GL; X Sp, and GL; X SOs are not isomorphic: Sp,(C) =~ Spins(C) is the
double cover of SO5(C).

In the spirit of Corollary 2 it can be checked that showing the topologi-
cal mirror symmetry conjecture in the form of the equality of E-polynomials
e(Xs%(l")) = e (Xso0,(I) reduces to show the equality (6.1) for the strata I = {2, 3},
the equality for the strata I = {1,3} and the equality e(z\’*s‘pa(l")) = e(z\”§07(l")) for
the irreducible representations. The only thing to prove for strata {1,3} is the
equality for character varieties of Sp, =~ SL, and SO3; =~ PGL,, which is already
proven for T' a surface group [23] and a free group [14], the general T' case being
open.

6.3. Stratification for SO,,, type D

We conclude by exploring the stratification for SO,, of Dynkin diagram

n—1

and type D,. Simple roots are A = {1,...,n}, with n—1, n being the end roots of the
fork. This group is Langlands self-dual, therefore the discussion about topological
mirror symmetry does not apply in this case.

As in the odd orthogonal case, we fix a basis of C" such that the quadratic form
Q:C" 5 Cis QW) = xiy1+ -+ Xy Vs (X15. .., X0, V1 - . ., V) being the coordinates of
v € C?" in the basis. In this case there is no bijection between parabolic subgroups
of SO,, and isotropic flags, then we need to analyze it more carefully.

The action of the Weyl group W = H,, < S, on 2%, where

H,=ker(e|,....6) €EZ — € -+ €, €7),
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decomposes
2=l uQua’

into three classes, depending on containing the end roots of the fork or not. Let
us discuss the properties for each class:

e IcQ =(I:(n-1,n)CI}, A\T={if,....i;<n—2}

— Equivalence classes in Q,ll/ ~yw correspond to partitions Iy = [k] U
m—d+1,...n, [kKl=01-f ]l eP, 0<m<n-2 (where
d=n-mz>2).

— P, is the stabilizer of the flag
0CViC GV, GV CVieVigVi gV cC”,
where V; = (xi,...,x;,) and V/L = (Xlsee s Xy Vit oo s V)
— Levi subgroup is Ly ) = H;”zl GL];.’ X SOyn—m) and strata are

* L&l
GL[k]XSOZ(nfm)// (ZZ > Sk)-

s

When m =0 (I = A), this recovers the open stratum Xg,, .

el ={I:n¢lin—1€l}, A\I=V{i1,...,i;.1 <n—-1,ig=n}

— Equivalence classes in Qﬁ / ~w correspond to partitions I = [k]U{n—
W, (k=[5 ffienf] € P

— P, is the stabilizer of the flag
OCVig Vi -GV CVi=VigVi gV cC,
where V; = (X155 i) and Vg = (x1,...,Xx,).
— Levi subgroup is Ly = [T}, GL];.’ and strata are

XoLy ! Hi > S i)-

el ={I:n-1¢lnelor{n-1,n)NnI=0} A\I omitting at least n — 1.

— Equivalence classes in Q3/ ~y correspond to partitions I3 := [k] U {n}
(or []), [k] € Py.
— P, is the stabilizer of the flag

OCVig-CVic GV CVi=VieVya g gV cC™,
where Vi = (X1,..., Xp—1,Yn)-

— Levi subgroup is Ly = I—[’;zl GL];’ and strata are

KXoy Higa > S )
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Whether I, 31 and I3 belong to the same W-orbit depends on the parity of [£]:
if [k] € PV (all parts even), swapping n—1 and n requires an outer transformation
in Oy, \ SO,,, giving two distinct orbits under W; if [k] € P44 (some part odd),
the two classes merge under W. Note that if n is odd, P;V" = 0.

As before, we can decompose motivically the SO,,-character variety.

Theorem 12. [18] The parabolic stratification of the SOy,-character variety of a
group T yields the following decomposition of the E-polynomial:

n—-2

E(Xs50,(D) = D" > E(Xetyxs0n DI 8 1) +

m=0 [k]€P,

Z E (Xg,, (D] Hygg = S ) +2 Z E (X, (DI Hyg = S ) -
[kjepead (k1P ven
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