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258 G. GALLEGO

Abstract

This paper provides an introduction to non-abelian Hodge theory and mod-
uli spaces of Higgs bundles on compact Riemann surfaces. We develop the
moduli theory of vector bundles and Higgs bundles, establish the main cor-
respondences of non-abelian Hodge theory, and interpret them through the
hyperkéhler structure on the Hitchin moduli space. We study the Hitchin
fibration and its geometric properties, including SYZ mirror symmetry and
topological mirror symmetry for type A Hitchin systems. As an illustration,
we compute the Poincaré polynomial of the rank 2 moduli space and verify
topological mirror symmetry in this case.

Keywords: Higgs bundles; non-abelian Hodge theory; Hitchin fibration.
Resumen

Este articulo es una introduccién a la teoria de Hodge no abeliana y a los
espacios de méduli de fibrados de Higgs sobre superficies de Riemann com-
pactas. Desarrollamos la teoria de mdéduli de fibrados vectoriales y fibrados
de Higgs, establecemos las principales correspondencias de la teoria de Hodge
no abeliana, y las interpretamos en términos de la estructura hiperkéhleriana
del espacio de méduli de Hitchin. Estudiamos la fibracién de Hitchin y sus
propiedades geométricas, incluyendo la simetria espejo SYZ y la simetria
espejo topoldgica para sistemas de Hitchin de tipo A. Como ilustracion,
calculamos el polinomio de Poincaré del espacio de méduli en rango 2 y
verificamos la simetria espejo topoldgica en este caso.

Palabras clave: fibrados de Higgs; teoria de Hodge no abeliana; fibracién de Hitchin.

Mathematics Subject Classification: Primary 14D20, 53C26; Secondary 14H60,
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1. INTRODUCTION

1.1. Abelian Hodge theory.

Hodge theory is about finding representatives of the cohomology classes of a man-
ifold. In the case of a compact complex manifold, Hodge theory gives represent-
atives of the Dolbeault cohomology classes. Moreover, if the compact complex
manifold is also Kéhler, there is the Hodge decomposition theorem, which splits
the (smooth, C-valued) de Rham cohomology of the manifold in terms of the Dol-
beault cohomology. We are particularly interested in the case of a genus g compact
Riemann surface X. In that case, the Hodge decomposition theorem yields an iso-
morphism
Hix(X,C) = H'(X) & H"'(X),

and H'0(X) and H*!(X) are exchanged by conjugation. Therefore, one can identify

HY(X) = Hix(X,R) and H*'(X) = H} (X, iR). (1.1)
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The de Rham theorem matches the de Rham cohomology space HcllR(X, R) with
the singular cohomology H'(X,R), which is in turn canonically isomorphic to
Hom(rm(X, x0), R) = R, for any point x; € X. We can also take coefficients in
the circle group

U(l)={zeC: |z =1}.

Note that there is the short exact sequence

0 S 27iZ s iR —23 U(1) 5 0,

which allows us to give a diffeomorphism
Hom(r (X, x), U1)) = H'(X,iR)/H" (X, 27iZ) = H*'(X)/H" (X, 2riZ). (1.2)

The quotient Jac(X) := HY'(X)/H'(X,2riZ) = H'(X, Ox)/H"(X,2niZ) is an abelian
variety of complex dimension g, called the Jacobian of X. On the other hand, note
that Hom(m, (X, x0), U(1)) = U(1)* is indeed a 2g-dimensional compact real torus.
The space Jac(X) is also the neutral connected component of the cohomology group
H'(X, 0%), and thus parametrizes topologically trivial holomorphic line bundles.
More generally, if we take coefficients on C*, we obtain a diffeomorphism

Hom(rr, (X, x0), C*) = H'(X, C)/H" (X, 27iZ) = H"*(X) x Jac(X).

An element of Jac(X) x H'(X) is an isomorphism class of a pair (£, ¢) formed by a
topologically trivial holomorphic vector bundle & on X and a holomorphic 1-form
¢ € H'0(X). Such a pair (Z,¢) is an example of a (rank 1, topologically trivial)
Higgs bundle. We remark the fact that Hom(m (X, xo), C*) = (C?*¢)* is a complex
torus of complex dimension 2g, while on the right hand side we get a product of
an abelian variety of complex dimension g with a complex vector space of complex
dimension g. These are two different complex manifolds, which are diffeomorphic,
but notably they are not complex analytically isomorphic.

The “representatives” of the cohomology classes that we mentioned at the be-
ginning of the section are the harmonic forms. This means that the isomorphisms
(1.1) from where the identifications of the spaces of (topologically trivial) line
bundles and of rank 1 Higgs bundles with the corresponding representation spaces
followed are mediated by solving the Laplace equation on the Riemann surface X.
We are in the setting of abelian (U(1), or C*) gauge theory (aka electromagnetism).

1.2. Non-abelian Hodge theory: a short history of the topic.

The genesis of non-abelian Hodge theory could be dated back to 1965 with the
publication of the celebrated result of M.S. Narasimhan and C.S. Seshadri [59],
who proved that

Hom(m; (X, xo), U(r)/ U(r) = Ny,

giving a homeomorphism between the moduli space of rank r unitary represen-
tations of the fundamental group of X with the moduli space N, classifying
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260 G. GALLEGO

(semistable, topologically trivial) holomorphic rank r vector bundles on X. For
r = 1, one recovers the statement (1.2). The structure of unstable bundles is more
complicated, but notably Giinter Harder and Narasimhan [35] introduced an in-
variant that one can associate to any bundle, now called the Harder—Narasimhan
filtration. Moreover, Harder and Narasimhan studied the global topology of the
moduli spaces of holomorphic vector bundles in terms of the Weil conjectures.

Almost two decades later, in the early 1980s, Michael Atiyah and Raoul Bott
[4] reinterpreted the theorem of Narasimhan—Seshadri in terms of gauge theory.
More precisely, they studied the Yang—Mills equations for vector bundles with
unitary connections on X. It turns out that on a Riemann surface the Yang—
Mills equations are equivalent to the equations for a flat connection (or, more
generally, for a connection of constant central curvature). They then reformulated
the Narasihman—Seshadri theorem as the existence of a (unique) Hermitian metric
such that its Chern connection is of constant central curvature in any polystable
holomorphic vector bundle on X. Notably, Atiyah and Bott also reproved the
formulas of Harder and Narasimhan for the Betti numbers of the moduli space of
bundles in terms of gauge theory.

Around that time, Simon Donaldson (who was then a PhD student of Atiyah
and Nigel Hitchin) gave a new proof of the theorem of Narasimhan—Seshadri [15] in
these gauge-theoretical terms. His proof relied strongly on deep analytical results
about connections which had been proven by Karen Uhlenbeck [72]. Donaldson’s
proof would later serve as a “model” for many other correspondences of this sort,
between objects which satisfy some algebro-geometric stability conditions, and
solutions to some gauge-theoretical equation. Correspondences of this kind are
generally called “Hitchin—-Kobayashi” correspondences. Notable examples are the
Donaldson-Uhlenbeck—Yau theorem [16, 71] (the higher dimensional analogue of
Narasimhan—Seshadri) and the Hitchin—Simpson [43, 66] correspondence for Higgs
bundles.

Higgs bundles and the Hitchin fibration were introduced by Hitchin in his two
seminal papers of 1987 [43, 44], although the term was coined one year later by
Carlos Simpson® [66]. In [43], Hitchin defined the stability condition for SLy(C)-
Higgs bundles, and proved that every polystable SL,(C)-Higgs bundle admits a
Hermitian metric such that the Chern connection solves the (now called) Hitchin
equations. The further relation with representations of the fundamental group
would then follow from a result of Donaldson in [17], which is the paper following
[43] in the journal in which it was published. This then established non-abelian

INotably, Hitchin talks in [43] about the “Higgs field”. Similar terminology had already
been used in the monopole literature by him and others (see, for example [42]), to refer to
the additional section appearing in some gauge equations, specially when these are obtained by
dimensional reduction of the Yang—Mills equations, as is the case for the Hitchin equations and
for the Bogomolny equations governing monopoles. There is no direct relation with the widely
popular and talked-about “Higgs boson”, although see Witten’s comment in [74, Remark 2.1].
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Hodge theory for SL,(C),
Hom(r; (X, x0), SL2(C)) / SLa(C) = Mo,

relating the SL,(C)-character variety of X with the moduli space of polystable
SL,(C)-Higgs bundles on X. Shortly after, Simpson [66] gave a wide generalization
of Hitchin’s results to arbitrary rank and to arbitrary dimension of the base (i.e.
to arbitrary compact Kdhler manifolds). The existence of harmonic metrics on flat
bundles was proved in general by Kevin Corlette in 1988 [12].

The global topology of the moduli space of Higgs bundles was already studied
by Hitchin in [43], who computed the Poincaré polynomial of the moduli space /\;(2,1
of degree 1 (twisted) SL,(C)-Higgs bundles by using a Morse-theoretical method.
Hitchin’s argument was later generalized to rank 3 in the thesis of Peter Gothen
[28]. The Betti numbers of the moduli space of Higgs bundles are not known
for general rank, but there are conjectural formulas by Tamdas Hausel and Fer-
nando Rodriguez-Villegas [39]. The Morse-theoretical arguments of Hitchin were
extended to arbitrary rank in a paper by Oscar Garcia-Prada, Jochen Heinloth and
Alexander Schmitt [24], using a motivic point of view. In particular, they gave
explicit formulas in the case of rank 4 and odd degree, and verified the conjecture
of Hausel and Rodriguez-Villegas up to genus 21 using a computer algebra system.

The original formulation of the Hitchin fibration in [44] is in terms of G-Higgs
bundles, for general reductive G, and there, Hitchin had already hinted at the
duality of Hitchin fibres for Langlands dual groups?. Such duality was later, in
2002, explicitly stated in the case of SL,(C) and PGL,(C) by Hausel and Michael
Thaddeus [40], who interpreted it as SYZ mirror symmetry for the de Rham moduli
space. This led them to conjecture their “topological mirror test” concerning a
certain agreement of the (stringy) E-polynomials of the moduli spaces of SL,(C)
and PGL,(C)-Higgs bundles. They proved their conjectures for r = 2 and 3, using
the Morse-theoretical study of the cohomology of the moduli space by Hitchin and
Gothen. The general statement was proven in 2017 by Michael Groechenig, Dimitri
Wyss and Paul Ziegler [30], using a technique of p-adic integration. A different
proof appeared in 2020 by Davesh Maulik and Junliang Shen [54]. Another major
highlight of the study of the global topology of the Hitchin system is the proof by
Ng6 Bao Chau in 2008 [61] of the Fundamental Lemma of Langlands—Shelstad,
which won him the Fields Medal in 2010. A different proof of Ngo’s results using
p-adic integration was given in 2018 by Groechenig, Wyss and Ziegler [29].

The description of the generic Hitchin fibres for general G was developed in
2000 by Ron Donagi and Dennis Gaitsgory [14], and the duality statement for
general G was formulated and proven by Donagi and Tony Pantev [13] in 2006.

2See the remark at the top of page 109, where Hitchin mentions that the generic fibres for
the type B and type C Hitchin fibrations are the same Prym variety. Notably, in [46], Hitchin
mentions that Thaddeus later pointed out a mistake on his original paper, the resolution of
which would yield that the fibres for types B and C are indeed dual, and not the same as stated
originally.

Rev.Mate. Teor.Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 33(2): 257-354, Jul — Dec 2026



262 G. GALLEGO

They interpreted this statement as a “classical limit” of the “geometric Langlands
conjecture”. Notably, the geometric Langlands conjecture was first formulated by
Alexander Beilinson and Vladimir Drinfeld as a “quantization of Hitchin’s sys-
tem” [6] in a preprint available since the mid 1990s. Also in 2006, Anton Ka-
pustin and Edward Witten [50] gave a physical interpretation of the geometric
Langlands conjecture as “hyperkéhler-enhanced” homological mirror symmetry on
Hitchin’s moduli space. A proof of (a refined and corrected version of) the geomet-
ric Langlands conjecture as a collaborative project of 9 authors (D. Arinkin, D.
Beraldo, J. Campbell, L. Chen, J. Faergeman, D. Gaitsgory, K. Lin, S. Raskin and
N. Rozenblyum) has been very recently made available [2].

1.3. Recent developments.

In recent years, research centered around the moduli space of Higgs bundles re-
mains very active. We shall mention just a few lines of current research and
subsequent ramifications, although there are many more.

The P =W theorem and the cohomology of the moduli space.

As we have already mentioned, the study of global geometric properties of the
Hitchin fibration, and in particular the study of its cohomology ring, remains
widely open. A major breakthrough has been made recently with the proof of the
“P = W property”, conjectured by Mark de Cataldo, Hausel and Luca Migliorini [9].
The statement is about the agreement of two different filtrations on the cohomology
of the moduli space of Higgs bundles: W stands for the weight filtration associated
with a complex affine variety, which comes from the fact that the moduli space
is homeomorphic to the character variety; the other filtration is P, the perverse
filtration associated with a proper map, which comes from the fact that the Hitchin
fibration is proper. Two different proofs appeared almost at the same time, in
September 2022, one by Maulik and Shen [55], using a support theorem and the
“global Springer theory” of Zhiwei Yun [75], and another one by Hausel, Anton
Mellit, Alexandre Minets and Olivier Schiffmann [38], which uses an action of the
Heisenberg algebra.

Higgs bundles for real groups and higher rank Teichmdiiller theory.

As many other topics related to Higgs bundles, the notion of a Higgs bundle with
real structure group dates back to Hitchin’s original paper [43]. There, he showed
that a component of the moduli space of SL,(R)-Higgs bundles can be identified
with the Teichmiiller space parametrizing hyperbolic metrics on X. In a later
paper [47], Hitchin generalized this observation to higher rank, and more generally
to split real groups Gg. More precisely, he shows the existence of a component
(now called the Hitchin component) inside the moduli space of Gg-Higgs bundles
which is a ball, and can be understood as a “higher rank analogue” of Teichmiiller
space. Nonabelian Hodge theory has been in fact generalized to consider Gg-Higgs

Rev.Mate. Teor. Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 33(2): 257-354, Jul — Dec 2026



NON-ABELIAN HODGE THEORY AND MODULI SPACES OF HIGGS BUNDLES 263

bundles, where Gy is any real reductive group, in the work of Garcia-Prada with
Gothen and Ignasi Mundet i Riera [23].

Understanding geometric Langlands duality.

Even though a proof of the geometric Langlands program is now available, identi-
fying some objects on both sides of the correspondence and constructing one from
the other can be a complicated problem. One of the features of the “hyperkéhler
enhanced” mirror symmetry formulated by Kapustin and Witten, is that it pre-
dicts the duality of certain objects supported on certain special submanifolds of
the moduli space of Higgs bundles, called branes. For example, branes supported
on hyperkéhler submanifolds are called “BBB branes”, while branes supported
on holomorphic Lagrangian submanifolds are called “BAA branes”. These two
types of branes are conjecturally dual. It is then an interesting problem to find
holomorphic Lagrangian submanifolds of the moduli space and hyperkéihler sub-
manifolds of the moduli space with dual group which are dual to these. Moduli
spaces of Higgs bundles with structure group a real form of a complex group are
natural sources of Lagrangian submanifolds. These are in fact particular cases of
“Gaiotto Lagrangians” [20, 27] which are holomorphic Lagrangian submanifolds of
the moduli space of Higgs bundles induced by Hamiltonian G-spaces. These can
also be interpreted as “boundary conditions” in the “relative Langlands program”
of David Ben-Zvi, Yiannis Sakellaridis and Akshay Venkatesh [7]. Some other
selected references in this topic are [5, 8, 10, 18, 19, 33, 37, 41].

Generalizations of the Hitchin fibration.

The Hitchin fibration is modelled over the Chevalley restriction map ¢ — g / G.
There are some other fibrations also arising from maps of the form M - M | G,
which appear in the study of Higgs bundles and related topics. For example, the
Hitchin fibration for higher dimensional manifolds, originally defined by Simpson
[69], arises from the G x GL,-action on the commuting variety €,(g) of n ele-
ments on g. The case of G = GL, is already quite complicated, and has been
studied by Ngb and Tsao-Hsien Chen [11] who obtain some results in the case of
n = 2. A similar kind of fibration, but over Riemann surfaces, associated with
Higgs pairs twisted by a vector bundle, was studied in [22]. Another example is
the Hitchin fibration for Higgs bundles with real structure group, considered in
the work of Garcia-Prada and Ana Peén-Nieto [25] and studied in much detail in
the work of Thomas Hameister and Benedict Morrissey [34]. In particular, they
develop a framework to deal with several types of generalized Hitchin fibrations,
called the “regular quotient”, inspired by some constructions of Garcia-Prada and
Pedn-Nieto [25], which were originally based in the work of Abramovich—Olsson—
Vistoli [1, Appendix A]. It is also worth mentioning “multiplicative” Hitchin fibra-
tions, which arise from the Steinberg map G — G J G. These have been used by
Griffin Wang to provide a more direct proof of the Fundamental Lemma [73].
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A “Donagi-Pantev-style” duality for multiplicative Hitchin fibrations has been
recently studied in [21].

1.4. About this paper.

Our aim in this paper is to provide a self-contained introduction to the rich theory
of Higgs bundles and their moduli spaces, suitable for readers with a background
in algebraic geometry or differential geometry. We begin with fundamental no-
tions—vector bundles, connections, and holomorphic structures—building up to
the sophisticated machinery of non-abelian Hodge theory. Along the way, we
develop the necessary tools from geometric invariant theory to construct moduli
spaces and establish stability conditions for both vector bundles and Higgs bundles.

A central theme is the interplay between algebraic, differential-geometric, and
topological perspectives. We show how the Hitchin equations give rise to a hyper-
kihler structure on the moduli space, unifying three seemingly different moduli
spaces: the Betti, de Rham, and Dolbeault moduli spaces. This hyperkéhler
geometry leads naturally to the Hitchin fibration, whose properties reveal deep
connections to mirror symmetry and the Langlands program.

In the final sections, we work out some explicit computations in rank 2. More
precisely, following Hitchin’s original approach, we calculate the Poincaré poly-
nomial using Morse-theoretic methods and verify the topological mirror symme-
try conjecture of Hausel and Thaddeus. These calculations illustrate the power-
ful techniques available for studying the global topology of Higgs bundle moduli
spaces.

A note on proofs and technical details

We emphasize that this paper is primarily expository in nature. Although the defi-
nitions and statements are meant to be precise, we do not provide complete proofs
of the main theorems of non-abelian Hodge theory—mnamely, the Narasimhan-
Seshadri, Corlette-Donaldson, and Hitchin-Simpson theorems. These results re-
quire substantial analytical machinery, including elliptic regularity theory, esti-
mates for non-linear PDEs, and Uhlenbeck’s compactness theorems, which would
take us too far afield. Instead, we explain the geometric content of these theo-
rems and their role in the theory. Similarly, our treatment of geometric invariant
theory sketches the main ideas while omitting some technical details. In Section
6, however, we provide complete calculations for the Poincaré polynomials and
verification of topological mirror symmetry in rank 2, as these serve to illustrate
the general theory. Throughout, we provide references to the literature where
interested readers can find rigorous proofs and further details.

FExercises and examples

Throughout the paper, we have included a substantial collection of exercises that
serve multiple purposes: some verify claims made in the text, others develop im-
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portant examples and special cases, and several extend the theory in directions
we do not pursue in the main exposition. We encourage readers to work through
these exercises, as they provide valuable intuition and complement the theoretical
development. Examples include explicit computations with vector bundles on P!,
constructions of special Higgs bundles, and verifications of key formulas.

1.5. Organization of the paper

In Section 2, we establish the foundational theory of vector bundles and connec-
tions on compact Riemann surfaces. We develop the differential-geometric per-
spective on holomorphic structures via Dolbeault operators, introduce flat connec-
tions and their relationship to representations of the fundamental group via the
Riemann-Hilbert correspondence, and discuss Hermitian metrics and the Chern
connection.

Section 3 addresses the classification problem for vector bundles from multiple
perspectives. We begin with the topological classification in terms of rank and de-
gree, then introduce the Jacobian variety and its role in parametrizing holomorphic
line bundles. The main focus is the construction of the moduli space of semistable
vector bundles: we provide a review of geometric invariant theory and sketch
both the algebraic construction as a GIT quotient and the differential-geometric
construction as a symplectic (Kéhler) quotient. We conclude by presenting the
Narasimhan—Seshadri theorem, which identifies this moduli space with the char-
acter variety of unitary representations.

In Section 4, we develop the full non-abelian Hodge correspondence. We intro-
duce the Betti moduli space (character varieties), the de Rham moduli space (vec-
tor bundles with connections), and the Dolbeault moduli space (Higgs bundles),
establishing their real-analytic equivalence. The key results are the Donaldson—
Corlette and the Hitchin—Simpson theorems on the existence of canonical metrics,
which we interpret through the hyperkéhler structure on the Hitchin moduli space.
We explain how the different complex structures arise from a single hyperkéhler
metric and introduce the twistor family and A-connections.

Section 5 is devoted to the Hitchin fibration and its remarkable properties. We
define the Hitchin map and explain the spectral correspondence, which describes
generic fibres as Prym varieties of spectral curves. We develop the theory for both
SL, and PGL, Higgs bundles, establishing the duality between their Hitchin fibra-
tions. This leads naturally to a discussion of SYZ mirror symmetry and topological
mirror symmetry, which predicts a relationship between (stringy) E-polynomials
of dual moduli spaces. We conclude with remarks on Langlands duality and con-
nections to the geometric Langlands program.

Finally, Section 6 presents explicit calculations in rank 2. We introduce equiv-
ariant cohomology and the theory of perfect stratifications, then review the Atiyah—
Bott computation of the Poincaré polynomial for the moduli space of vector bun-
dles using the Harder-Narasimhan stratification. We then reproduce Hitchin’s
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calculation for Higgs bundles using the Bialynicki-Birula stratification induced by
a C*-action, and conclude by verifying the topological mirror symmetry conjecture
of Hausel-Thaddeus in this case.

2. A PRIMER ON VECTOR BUNDLES AND CONNECTIONS

2.1. Vector bundles in different categories.

Let X be a compact Riemann surface. We can trivialize X by giving a complex atlas:
namely, we cover X by a family U of open subsets U C X with a homeomorphism
Yy : U - Dy c C with some disk Dy in C, for each U € U, in such a way that the
coordinate change functions ¥yy = ¢y OI/IZ/I : DyN Dy — Dy N Dy are holomorphic.

Definition 2.1. A vector bundle E of rank r over X is given by gluing spaces of
the form Ey = U X C" using a set of continuous transition functions

{gUV:U,VGH,UQV?&@},

with
8guv . unv — GLr(C)

that satisfy the (1-)cocycle condition

guv8vw = uw,
whenever UNVNW # @.
A vector bundle is smooth, holomorphic or a local system if the transition

functions gyy are respectively smooth, holomorphic or locally constant.

Remark 2.2. Two vector bundles E and E’ are isomorphic if and only if their
corresponding 1-cocycles (gyv) and (g},,) are cohomologous, meaning that there
exists some family {fy : U —» GL,(C) : U € U} (i.e. a 0-coboundary) such that

Suv = fi'guvfv.

The action of such 0-coboundaries on the 1-cocycles determines a groupoid, which
naturally classifies vector bundles. The set of isomorphism classes of this groupoid
can be understood as a “non-abelian sheaf cohomology set”

H' (X, GL,()).

Here, &/ denotes the sheaf C3 of smooth functions on X, the sheaf Ox of holo-
morphic functions on X or the sheaf C, of locally constant functions on X de-
pending on whether we are considering smooth bundles, holomorphic bundles or
local systems, respectively.
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NON-ABELIAN HODGE THEORY AND MODULI SPACES OF HIGGS BUNDLES 267

Remark 2.3. Any compact Riemann surface is biholomorphic to the analytification
of a smooth complex projective curve. Zariski open subsets determine open subsets
in the analytic topology. Thus, if we let U correspond to a cover by Zariski open
subsets of X, we can also consider algebraic vector bundles, determined by the
condition that the transition functions gyy are regular maps into GL, (regarded
as a smooth algebraic variety over C). Serre’s GAGA theorem [64] implies that
the category of algebraic vector bundles over a smooth complex projective curve is
equivalent to the category of holomorphic vector bundles over its analytification.

Remark 2.4. Consider a local system E over X determined by a set of locally
constant transition functions {gyy}. Given any point xy € X we can define the
monodromy representation pg : m1(X, x9) — GL,(C) constructed as follows. If
o is a loop on X based at xp, then we can partition the unit interval {p =0 < #; <
tp <--- <ty =11in such a way that, for every i = 1,..., N there exists some U; € U
such that o([#;, #i11]) € U;. If we call x; = o(t;) and g;; = gy,u;, we can define

PE(0) = g12(x1)g23(x2) . ... gn1(XN).
Exercise 1. Verify the following statements about the remark above.

1. There exists such a partition of the unit interval. Hint: Use “Lebesgue’s
Number Lemma”, [57, p. 179].

2. The map pg(o) does not depend on the choice of “Lebesgue partition”.

3. The map pg(o) does not depend on the chosen representative of the homotopy
class [o].

Some notations and basic rudiments of complex geometry.

We denote by TX — X (resp. T*X — X) the (smooth) tangent (resp. cotan-
gent) bundles of X. Its transition functions are the differentials dyyy € GL,(R)
(resp. the duals of the differentials (dyyy)*) of the coordinate change functions
Yyy determined by the smooth structure of X. Moreover, since by assumption the
Yyy are holomorphic, they satisfy the Cauchy—Riemann equations, which precisely
means that the matrices diyyy actually lie in the image of C* under the natural
embedding C* — GL;(R). This means that 7X and T*X are actually holomorphic
line bundles. When regarded as such, we shall write TX and T*X. Equivalently, we
can see X as equipped with an (integrable, although this is trivial in this case for
dimensional reasons) almost-complex structure 7 : TX ® C —» TX ® C, which splits
the complexified tangent space in eigenspaces T"°X and T%'X, and then identify
TX = T'9X. In turn, we identify T*X = (T'°X)*.

If E - X is a vector bundle, then we generally denote its space of sections as
I'(X, E) or, more generally, we write I'(U, E) to denote the space of sections of E
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defined on an open subset U C E. These sets determine a sheaf I'g, the sheaf of
sections of E. It is a locally free sheaf of &/-modules, where &/ is the sheaf CY, Ox
or Cy, depending on if E is smooth, holomorphic or locally constant. When E is
smooth, we shall also use the notation Q%U, E) := T'(U, E). The sheaf of sections
of a holomorphic line bundle will generally be denoted in calligraphic font &, and
sometimes we will abuse notation and identify a holomorphic line bundle with its
sheaf of sections, even if they are two different objects.

Given an integer k, we consider the (complexified) wedge product bundle A*X®
C := AKT*X ® C), whose global sections QK(X) (= Q(X,C)) are the (complex-
valued) differential k-forms on X. Given integers p and ¢, we can consider the
wedge product bundle A»1X = AP(T'OX)* A AY(T*'X)*. The sheaf of sections of
this bundle is denoted by QF?. The space of global sections Q74(X) = I'(X, AP9X) is
the space of (p, g)-forms. More generally, if E is a smooth complex vector bundle,
we can also consider the tensor vector bundles A*X ® E and AP7X ® E, and define
QX E) =T(X, A*X ® E) Q™(X,E) :=T(X, A" X ® E). In particular, we obtain the
(holomorphic) sheaves of holomorphic p-forms QF := Qﬁ’o.

2.2. Connections and curvature.

Recall that we have exterior differentiation d : Q*(X) — Q!(X). Connections
provide a way to generalize exterior differentiation to differential forms with coef-
ficients on a vector bundle.

Definition 2.5. Let E be a smooth vector bundle on X. A connection D on E is
a C-linear operator
D:Q%X,E) —» Q'(X,E)

satisfying the Leibniz rule
D(fs)= fDs+df ®s,

for f a smooth function on X and s a section of E on X.

Remark 2.6. Note that the existence of smooth partitions of unity implies that D
can actually be regarded as a map of sheaves of sections

D:Tp > TzeQl.

Remark 2.7. If U € U is an open subset of X in the complex atlas, then the space
of sections of E on U is a free C*(U)-module of rank r. A basis {ey,...,e,} of this
module is called a frame of E on U. If D is a connection on E, for each e; of the
frame, the connection acts as

Dé‘,‘ = Z ejAlj,

J
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for some 1-form A{ € Q'(U). In matrix notation, writing e = (e; ---¢,) and A = (A{)
as a square matrix, we obtain
De = eA.

Any section of E on U can be written as s = Y, s'e;, for s' € C*(U). Therefore, we
can write

Ds = Z(ds"e,- + s'De;) = Z(ds"e,- +s'ejAl) = (d + A)s.
The matrix A is called the connection 1-form of D on U.

The exterior differential d is well known to satisfy the condition @>. This
is however not true in general for connections, which gives rise to the notion
of curvature. More precisely, there is an unique way of extending the map D :
Q'X,E) - QY(X,E) to a map D : Q(X, E) —» Q*1(X,E) in such a way that

D(w A @) =dw A a + (-1)w® Da,

and
D(@ A w)=DaAw+(-1)a® Dw,

for w € QP(X) and @ € QFP(X, E).

Definition 2.8. Let D be a connection on a smooth vector bundle E. We define the
curvature of D as the operator

D?: Q%X,E) —» Q*(X,E).

Remark 2.9. The curvature D? is a C*-linear map since
D*(fs) = D(sdf + fDs) = Ds Adf +df ADs+ f A D*s = fD?s,
for s € Q(X,E) and f € C*(X).
Remark 2.10. If e is a local frame of E on U, we have
D*(¢) = D(eA) = De AA + edA = e(A A A +dA) = eF,,

for F4 = dA + A A A a matrix of 2-forms called the curvature 2-form of D on U.

Exercise 2. Let E; and E; be two vector bundles, and consider an isomorphism
g : Ey —» E;. Fix two local frames e; and e; of E; and E,, respectively, on U,
and consider the associated matrix gy : U — GL,(C). Let D; be a connection on
E; and consider the “gauge transformed” connection D, = go D o g”! on E,. Let
Ay and A, denote the corresponding connection 1-forms on U, of Dy and D, with
respect to e; and e;. Show that

Ar = guAigy + gudgy,
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and

Fa, = guFa gy -
In particular, this implies that the locally defined F4 determine a globally defined
(End E)-valued 2-form Fp € Q*(X,End E).

Exercise 3 (Distributions and connections). A distribution over a smooth man-
ifold M of dimension n is a subbundle E ¢ TM of the tangent bundle of M.
Consider now the natural projection p : E — X of a smooth vector bundle
over X. Its differential determines a natural morphism TE — p*TX of vector
bundles over E. The kernel of this map is the bundle Vg := p*E c TE, which
we call the vertical distribution.

1. Prove that a connection D on E determines a horizontal distribution,
namely, that it determines a distribution Hp C TE such that

TE =Vg & Hp.

A distribution is involutive if, for any two sections of it (that is, for any two
vector fields &, n which lie on it), their Lie bracket [£, 7] also lies on E.

2. Prove that Hp is involutive if and only if D* = 0.

2.3. Flat bundles and local systems.

Definition 2.11. A connection D on a smooth vector bundle E is flat if its curvature
is 0. A pair (E, D) formed by a smooth vector bundle and a flat connection is called
a flat bundle.

If (Ey,Dy) and (E,, D;) are two flat bundles, a morphism of flat bundles
g : (E\,Dy) — (E,, D) is determined by a morphism of bundles g : E; — E, such
that D, = goD;og™\.

Theorem 2.12 (Frobenius). Let (E,D) be a flat bundle. Suppose that E s
determined by a cocycle (gyy). Then there exists a 0-coboundary (fy) such that
the functions gy, = (f) 'guvfu are locally constant. The corresponding local
system E’ determined by (gy,,) s called the holonomy local system associated
with (E, D).

Proof. Suppose that we can find, for each U € U, a frame ey of E on U such that
Dey = 0. If we start from the family of frames {ey : U € U} determining E in terms
of the cocycle (gyv), each €y is of the form ey = ey fy, for fy : U = GL,(C). Now,
on a non-empty overlap U NV, putting g},, = f;lgyvfu, we have

0 = Dey = D(ey fu) = D(evguv fu) = D(evgyy) = Devgyy + evdgyy.

We conclude that dgy,,, = 0 and thus the gj,,, are locally constant.
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It remains to see that we can find such a frame e¢y. Equivalently, we want to
find matrix-valued functions fy : U — GL,(C) satisfying

0 = D(ey fu) = D(ey) fu + eydfy = ey(Afy +dfy),

where A is the connection 1-form in the frame ey. Therefore, our problem is
reduced to that of finding solutions f to the differential equation

df + Af =0.

As we explain in Exercise 4, this is just an application of Frobenius theorem, where
the integrability condition corresponds precisely to Fa =dA+AAA =0. O

Exercise 4 (The Frobenius theorem. Analysts version). Consider an open subset
UXV cR"xR" where U is a neighborhood of 0 € R™. Consider a family of C*
functions Fy,...,F, : U XV — R". The theorem of Frobenius tells us that, for
every x € V, there exists one and only one smooth function @ : W — V| defined in
a neighborhood W of 0 in R”, with a(0) = x and solving the PDE

0
B—Z(z) = Fi(t, (1)), for all t € W,
if and only if there is a neighborhood of (0, x) € U X V on which

OF; OF, NOF; . ~NOF; ,
- - —F - -— ,=O,
or ot +k:1 Oxk ! ,;8 k= J

for i,j=1,...,m. Prove that the equation df + Af = 0 can be written as the PDE
above, and that the integrability condition corresponds to the condition
dA+AANA=0.

Exercise 5 (The Frobenius theorem. Geometers version). A distribution D on a
smooth manifold M is integrable if there exists some submanifold N ¢ M such
that, for any point p € N, we have that T,N = D,. In that case, we say that N is
an integral manifold of D. The “geometers version” of the Frobenius theorem says
that a distribution D is integrable if and only if it is involutive.

1. Prove the geometers version of Frobenius theorem from the “analysts version”
from the previous exercise.

We saw in a previous exercise that a connection D on E determines a horizontal
distribution Hp C TE and that D is flat if and only if Hp is involutive. Consider
the corresponding integral manifold Y C E.

2. Show that the matural projection p : E — X restricts to a local homeomor-
phismm:Y — X.

3. Show that this m: Y — X is in fact a covering space.
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4. Show that the monodromy representation associated with 7 : Y — X coin-
cides with the monodromy representation associated with the holonomy local system
determined by (E, D).

Exercise 6. We have shown that with any flat bundle (E, D) we can associate a
local system E’. We want to show that this can be upgraded to an equivalence of
categories. In order to do so, we must show the following.

1. Show that there is a bijection between the set of morphisms (E\,D) —
(E2, Dy) of flat bundles and between the set of 0-coboundaries (fy) such that g} ,,, =

ng,Z,va\;l~

2. Given a local system E’ over X, construct a flat bundle (E, D) such that its
holonomy local system is isomorphic to E’.

Exercise 7 (de Rham theorem for degree 1 cohomology). Consider the trivial line
bundle Cy := XXC — X. Show that the set of equivalence classes of flat connections
on Cx is in natural bijection with the de Rham cohomology group HéR(X, C). Use
the correspondence of this section to prove that this group is isomorphic to the
singular cohomology group H'(X,C).

Exercise 8 (Connections of constant central curvature). Let wx € Q*(X) be a
volume form on X with fx wyx = 1. A connection D on a smooth vector bundle has
constant central curvature if

FD = Cidwa,

for some constant ¢ € C*. Formally, we can assume that wy can get more and
more concentrated at a single point x; # xp € X so that in the limit we would
obtain a “Dirac delta distribution” wx = 6(x;). In this limit, a connection D of
constant central curvature is flat away from x;, so (E, D) restricts to a flat bundle
over X \ {x} and thus determines a representation of the fundamental group

prmX\{x}, x) - GL,(C).
Let o be a contractible loop in X around x| and based at xo. Show that the repre-
sentation p must map the class of o to exp(c)l,.

To conclude this section, we summarize the main results in the following.

Theorem 2.13. The holonomy representation determines an equivalence of cate-
gories between the category of flat bundles on X and the category of linear repre-
sentations of the fundamental group (X, xo)-

More generally, holonomy determines an equivalence between the category of
pairs (E, D) formed by a smooth vector bundle on X and a connection D of constant
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central curvature Fp = cidg wx and the category of representations m(X\{x}, xo) —
GL,(C) mapping the class of a loop o around x;, based at xy and contractible in X,
to exp(c)l,.

2.4. Holomorphic structures as Dolbeault operator.

Recall that we have the Dolbeault differentials 6 : QP4(X) — QP4+(X). Holo-
morphic structures arise naturally by generalizing Dolbeault operators to vector
bundles.

Deﬁni_tion 2.14. Let E be a smooth vector bundle on X. A holomorphic struc-
ture dg on E is a C-linear operator

ds : Q°X,E) - QN (X, E)

such that B ) _
Og(fs)=s0f+ f0s,

for every smooth function f on U and every section s of E on U, for any open
subset U C X.

Remark 2.15. In higher dimensions, to obtain a holomorphic structure one should
add the “integrability condition” that 5; = 0. However on Riemann surfaces this
condition is empty, since Q?(’z =0.

There is what we could call an “analogue” of the Frobenius theorem for holo-
morphic structures, with a substantially more difficult proof.

Theorem 2.16. Consider a pair (E,0¢) formed by a smooth vector bundle on X
with a holomorphic structure Og. Suppose that E is determined by a cocycle (gyvy).
Then there erists a 0-coboundary (fy) such that the functions gj;, = (F) 'guvfu
are holomorphic.

Remark 2.17. Following the same arguments as in the proof of 2.12, it suffices to
show that there exist local frames €y with dg €y. This problem itself reduces to
finding solutions to the equation

of +Af=0.

We refer the reader to [4, Section 5] for details on the integrability of this equation.
Alternatively, we can also deduce the result as an application of the Newlander—
Nirenberg theorem about the integrability of almost-complex structures.

Remark 2.18. The above theorem tells us that, instead of thinking about a holo-
morphic vector bundle &, we can think about the pair (E, d¢) formed by the smooth
vector bundle E underlying & and the holomorphic structure d¢. This is the typical
approach in gauge theory.
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Remark 2.19. We also remark the fact that, if D is a connection on a smooth
vector bundle E, then we can take its (0,1) part dp = D%!, which determines a
holomorphic structure on E.

2.5. Holomorphic connections.

In the previous sections, we have studied “smooth” connections. Considering a
notion of connection which is intrinsically holomorphic is quite interesting, as it
also allows us to regard the same objects in algebraic geometry.

Definition 2.20. Let 7 be a holomorphic vector bundle on X. A holomorphic
connection D on 7" is a C-linear morphism of sheaves
D: 7V — 7 ®Q
satisfying the holomorphic Leibniz rule
D(fs)=fDs+0xf ®s,
for any local sections f € Ox(U) and s € 7'(U).

A holomorphic vector bundle with connection is a pair (7", D) formed
by a holomorphic vector bundle 7~ on X and a holomorphic connection D on
7. A morphism f : (71,D;) — (%32, D;) of holomorphic vector bundles with
connection is a morphism of holomorphic vector bundles g : 71 — %5 such that
Dzog:(g®idg}1()oD1.

Remark 2.21. Note that, since X has complex dimension 1, holomorphic connec-
tions on X are automatically integrable.

Let (77, D) be a holomorphic vector bundle with holomorphic connection and
let E be the underlying smooth complex vector bundle. The holomorphic structure
of 7' determines the operator

by QX E) — QY\(X, E).
On the other hand, the holomorphic connection D determines an operator
D: QX E) — QY (X, E).

The fact that D is a holomorphic connection on 7" is equivalent to the commuta-
tivity of these two operators. That is, to the vanishing of the E-valued (1, 1)-form

[D,dy] € QM (X, E).

Exercise 9. Verify that the sum
D=D+dy: Q'X,E) » Q' (X,E)
determines a connection on E. Show that this connection is flat. Hint: Show that

Fp =[D,dy]=0.
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Conversely, if (E, D) is a flat bundle on X, the (0, 1)-part of the connection D%!
determines a holomorphic structure on E, while the (1,0)-part D0 determines a
holomorphic connection on the holomorphic vector bundle (E, D®"). Indeed, we
have [D'0, D% = Fp = 0. We conclude the following.

Proposition 2.22. The map (7', D) — (E,D + dy) determines an equivalence of
categories between the category of holomorphic bundles with connection on X and
the category of flat bundles on X.

Exercise 10. The correspondence above can be extended to consider connections
with constant central curvature. In order to do this, we need to fix a point x; € X
and consider the sheaf Q;((*xl) of meromorphic 1-forms on X with a simple pole
on x;. A meromorphic connection D on a holomorphic vector bundle 7" is a
C-linear morphism of sheaves

D:V — V ®Qyuxx))
satisfying the holomorphic Leibniz rule
D(fs)=fDs+0xf®s,

for any local sections f € Ox(U) and s € Z'(U). Near the point x;, the “connection
I-form” of any such connection is a meromorphic End E-valued 1-form A(z) with a
Laurent expansion near the point x; of the form

AR =A17 + Ao+ Aiz+ A+ ...

The matrix res,, D = A_; is called the residue of D at x;. Show that, if (7, D)_is
a bundle with meromorphic connection such that res, D = —i5-1,, then D = D + 0y
is a comnection with constant central curvature Fp = cidg wx, and viceversa.

We conclude the Riemann-Hilbert correspondence.

Theorem 2.23. The map (7', D) — (E, D + 0y), composed with the holonomy rep-
resentation, determines an equivalence of categories between the category of holo-
morphic bundles with connection on X and the category of linear representations
of the fundamental group m (X, xo).

More generally, it determines an equivalence between the category of holomor-
phic bundles with meromorphic connection (7°, D) with a simple pole on x; and
with Resy, D = —i5_1, and the category of representations m(X \ {x1}, xo) = GL,(C)
mapping the class of a loop o around xy, based at xo and contractible in X, to
exp(c)l,.

2.6. Hermitian metrics and the Chern correspondence.
Definition 2.24. Let E be a smooth vector bundle on X. A Hermitian metric

H on E is determined by a Hermitian product (-, =)y, on each fibre E,, in such a
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way that for every open subset U C X and for every two sections s and ¢ of E on
U, the map

(s,)g : U — C

x = (8(x), 1)) px

is smooth. A pair (E, H) formed by a smooth vector bundle and a Hermitian metric
is called a Hermitian vector bundle.

Definition 2.25. Let (E, H) be a Hermitian vector bundle. A connection V on E is
(H-)unitary if, for every two local sections s and ¢ of E and for every vector field
of £ on an open U C X, we have

d(s,)n(&) = (Vs(€), D + (s, V1(€)n.

Exercise 11. Show that if (E, H) is a Hermitian vector bundle and V is a flat uni-
tary connection on E, then the monodromy representation p : m (X, x9) — GL,(C)
associated with the corresponding local system factors through the unitary group
U(n) c GL,(C).

Theorem 2.26. Let & = (E,0g) be a holomorphic vector bundle. For every Hermi-
tian metric H on E, there exists an unique unitary connnection Vg on E such that
Og = Vg}l. This connection is called the Chern connection.

Proof. Consider a frame {ey,...,e,} of E over some open subset U € U, and assume
that this frame is holomorphic; that is, that dze; = 0, for i = 1,...,r. Let us
consider the functions h;; = (e;,e;)n. If such a Vg exists, then its connection 1-
form A with respect to this framing must be of type (0, 1), since we must have
3 0,1

d¢ = V,; . But then

dhij = dieiyejy = Y Afhy; + hy AL,
k

so Ohjj = X Affhkj and hij = Y h,-kA’J‘.. Therefore, if we consider the matrix h = (h;;)
we can just set A = h™'9h. O

2.7. Principal G-bundles.

Let G be a Lie group. Recall the definition of vector bundle from Section 2.1. If we
replace the local pieces Ey by Py = U X G and the functions gyy determining the
gluing cocycle by continuous functions gyy : UNV — G, we obtain the notion of a
principal G-bundle P — X. Here, we are regarding the group G acting on itself by
right multiplication. Moreover, if the functions gyy are smooth or locally constant,
we obtain a smooth principal G-bundle or a G-local system, respectively. If
the group G is a complex Lie group or a complex algebraic group, then we can also
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consider functions gyy which are holomorphic or regular, respectively, in which
case we get a holomorphic principal G-bundle or an algebraic principal G-
bundle, respectively. It also follows from Serre’s GAGA that the categories of
holomorphic and principal G-bundles are equivalent over a Riemann surface®.

Exercise 12. Show that a principal G-bundle admits a section if and only if it is
isomorphic to a trivial bundle.

A complex vector bundle E — X determines automatically a principal GL,(C)-
bundle, its frame bundle Fr(E) — X, whose fibre over x € X is the set of basis of
the fibre E,. The group GL,(C) has a natural free and transitive action on the fibre
Fr(E),. Conversely, a principal GL,(C)-bundle P — X determines a vector bundle
E — X, defined as

E=@PxC)H/{(p.v)~(p-g8" ), g € GL(O)}.

More generally, for any continuous linear representation p : G — GL(V), of
the group G on a vector space V, any principal G-bundle P — X determines a
vector bundle

E:=PXOV:=(PxV)/{(p.v) ~ (p-8.p(8)" 1), g € GL(C)}.

Given a morphism of Lie groups f : H — G, any principal H-bundle Py deter-
mines a principal G-bundle Pg, by putting

PG = Py X' G = (Pux G)/{(p.g) ~ (p - h. f(h)'9). h e HY.

When f : H — G is the inclusion of a closed subgroup, this is called extension
of the structure group. Conversely, if Pg is a G-bundle, then a reduction
of the structure group from G to H is determined by a G-equivariant map
0 : PG — G/H, where G/H is the corresponding homogeneous G-space.

Exercise 13. Show that, given a reduction of structure group o : P — G/H, the
fibre P, = o' (H) © Pg naturally admits the structure of a principal H-bundle.
Show that, if the map o is smooth, holomorphic or locally constant, then P, is
smooth, holomorphic or a local system, respectively.

Exercise 14. Show that a Hermitian metric H on a complex vector bundle E de-
termines a reduction of the frame bundle Fr(E) from GL,(C) to U(r).

3This is indeed trickier in higher dimensions, since the Zariski topology is usually not fine
enough to trivialize holomorphic G-bundles. Therefore, in algebraic geometry principal G-bundles
are generally locally trivialized in the étale topology. However, over complex dimension 1 this
distinction is not necessary, since every non-compact Riemann surface is a Stein manifold.
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3. CLASSIFYING VECTOR BUNDLES

3.1. Topological classification.

With any vector bundle E on X we can associate its determinant line bundle,
defined as follows. If E is determined by gluing spaces of the form Ey = U XC’" via
transition functions gyy : U NV — GL,(C), then detE is obtained by gluing the
spaces (det E)y = U X A"C" through the transition functions detgyy : UNV — C*.

Exercise 15. Show that any smooth vector bundle E of rank r > 1 has a nowhere
vanishing global section. Is this true for holomorphic vector bundles? Hint: Use a
transversality argument.

The section s from the exercise determines an injection s : Cy — E. Now,
any smooth vector bundle admits a Hermitian metric, so we can orthogonally
decompose E = s(Cy) & s(Cx)*. Iterating this process, we obtain that E can be
written as

E=Cy'elL,

for some line bundle L. Note however that L must be isomorphic to the determinant
line bundle L = det E. We conclude the following.

Theorem 3.1. A smooth vector bundle on X is determined by its rank and
its determinant.

It thus remains to solve the question of classifying smooth line bundles. Now,
recall that these line bundles are classified by the cohomology group H'(X, (€Y,
where (CY)" denotes the sheaf of smooth functions U — C*. The exponential
exact sequence

0 S 2miZ > CY > (CY) > 0
induces an exact sequence
H'(X,CP) — H'(X.(CY)") —— H(X,2miZ) — H*(X,CY).

The existence of smooth partitions of unity implies that H'(X,Cy) = 0 for i > 0,
so we obtain an isomorphism & : H'(X, (CY)) = H*(X,2niZ). If L is a smooth line
bundle on X represented by a cohomology class [L] € H'(X, (CY)"), we define the
first Chern class of L as

qm=§MWeﬁm@
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Recall that integration determines an isomorphism

f:Hz(X,Z)HZ, a!—)fa/.
X X

The degree of L is the number

degL = fcl(L) eZ.
X

More generally, if E is a vector bundle, then we define its first Chern class as
c1(E) = ci(det E), and its degree as deg E = deg(det E).

Exercise 16 (Chern-Weil theory: Computing Chern classes using curvature). Let
E be a smooth vector bundle on X. If D is a connection on E and Fp € Q*(X,End E)
its curvature. Its trace determines a 2-form tr(Fp) € Q*(X), and we can consider
its cohomology class [tr(Fp)]. Prove that

i

ci(E) = o [tr(Fp)].

In particular, this implies that, if £ admits a flat connection, then deg E = 0.
To sum up, we conclude the following.

Theorem 3.2. Smooth vector bundles on a Riemann surface are classified by their
rank and their degree.

3.2. Holomorphic line bundles: the Jacobian.

Consider now the sheaf Oy of holomorphic functions on X and the sheaf 0} of non-
vanishing holomorphic functions. Isomorphism classes of holomorphic line bundles
form the Picard group Pic(X) = H'(X, 0y). In the holomorphic case we also have
an exponential exact sequence

0 > 27iZ > Oy > Oy > 0,
which induces an exact sequence
H'(X,2riZ) — H'(X, Ox) —— Pic(X) SN H*(X,2niZ).

Consider the subgroup Pic’(X) = {[L] € Pic(X) : 6([L]) = 0}. It follows from the
exact sequence above that Pic’(X) is isomorphic to the Jacobian of X, which is
defined as the quotient

Jac(X) = H'(X, Ox)/H' (X, 27iZ).
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More generally, the map § splits Pic(X) in connected components

Pic(X) = |_| Pic?(X),

deZ

labelled by the degrees of the line bundles in them.

Exercise 17. Verify that Jac(X) is an abelian variety of dimension g, where g is the
genus of X. Hint: First, you need to convince yourself that H'(X, Ox) is a complex
vector space of dimension g. This follows either directly from Hodge theory or
from GAGA and the fact that X is the analytification of a smooth projective curve
(which essentially follows from Hodge theory). Second, you need to verify that
there is a Riemann form with respect to the lattice H'(X, 27iZ). You can construct
this form using Poincaré duality.

Remark 3.3. Note that this already hints on the complexity of classifying holo-
morphic vector bundles. While smooth line bundles were simply determined by
a number, there is an infinite amount of isomorphism classes of holomorphic line
bundles with the same degree. However, these isomorphism classes can be nicely
organized in a complex manifold (a moduli space) and we can study its geometry.

Exercise 18. A holomorphic SL,(C)-vector bundle is a pair (€,n) formed by a
holomorphic vector bundle & and by a holomorphic trivialization of its determi-
nant line bundle 7 : Oy - det&. Show that the frame bundle Fr(&) of a holomor-
phic SL,(C)-vector bundle admits a holomorphic reduction of structure group from
GL,(C) to SL,(C).

We can also consider “twisted” versions of SL,(C)-vector bundles. Namely, if
we fix any holomorphic line bundle ¢, we can consider pairs (&,n) formed by a
holomorphic vector bundle € and an isomorphism 7 : & — det&. We call these
holomorphic ¢-twisted SL,(C)-vector bundles. Generally we will drop the
trivialization n from the notation and just talk about the vector bundle &.

Exercise 19. Let ¢ and ¢’ be holomorphic line bundles with the same degree d. Show
that there is a natural equivalence of categories between the category of holomorphic
&-twisted SL,(C)-vector bundles and the category of holomorphic & -twisted SL,(C)-
vector bundles. Therefore, we can just fix our favourite & (for example, & = Ox(dx;),
for some point x; € X) and talk about holomorphic d-twisted SL,(C)-vector
bundles without loss of generality. Hint: The equivalence is given by tensorization
with the degree 0 line bundle &7'&’.

Exercise 20. Let & and &’ be two holomorphic vector bundles and consider their
frame bundles Fr(&€) and Fr(&’). Let PFr(&) and PFr(&€’) be the corresponding
principal PGL,(C)-bundles induced by the natural projection GL,(C) — PGL,(C).
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Show that PFr(&) and PFr(&’) are isomorphic if and only if there is some holomor-
phic line bundle & such that & = & @ &. Suppose moreover that & and &’ are
holomorphic d-twisted SL,(C)-vector bundles. Show that & = & ® & if and only
if £ is trivial, and thus determines an r-torsion point in the Jacobian Jac(X).

3.3. Towards the moduli space.

Early generalizations. Generalizing the notion of Jacobian to higher rank was the
starting point of the theory of moduli spaces of bundles, in the work of Weil (see
Grothendieck’s note [32]). When the genus of X is low, the problem of classifying
vector bundles can be solved relatively easily. For example, Grothendieck [31]
showed that every holomorphic vector bundle over the Riemann sphere CP' can
be decomposed as a direct sum of line bundles. For genus 1, Atiyah [3] obtained
an explicit description of vector bundles in terms of extensions. The problem gets
its full complexity for genus > 2.

Non-abelian sheaf cohomology. For studying the problem in general genus, the
first naive approach would be to simply consider the whole set of isomorphism
classes of vector bundles of rank r. As we explain in Section 2.1, this set of
isomorphism classes can be understood as a non-abelian sheaf cohomology set

Bun, := H'(X, GL,(C)y),

where GL,(C)x is the sheaf of germs of holomorphic functions from X to GL,(C).
This set has a natural geometric structure, as it is the quotient of the space of
Cech 1-cocycles Z'(U, GL,(C)y) by the action of the topological group of 0-cochains
C°(, GL,(C)x). The space Bun, has infinite connected components, labelled by the
degrees of the vector bundles. For each d € Z, we denote by Bun,, the connected
component of isomorphism classes of vector bundles of rank r and degree d.

Holomorphic structures. Let E — X be a smooth vector bundle of rank r and
degree d. We can consider the space Cg of holomorphic structures dg on E. The
difference of any two holomorphic structures is a (1, 0)-form valued in End E. There-
fore, the space Cg is an affine space modelled by the infinite dimensional vector
space Q*!(X,End E). The complex gauge group gg = Q%X, AutE) is an infinite
dimensional Lie group which acts on Cg by conjugation

g-0s=g0sg8 .
For such a g € G%, the holomorphic vector bundles (E,dg) and (E, g - 0g) are
isomorphic. Conversely, two holomorphic vector bundles & and & are isomorphic
if and only if their associated operators 0z and Oz are related by some g € g‘g.
The quotient set

Bun,y = Cr/Gj
is again the set of isomorphism classes of holomorphic vector bundles with under-

lying smooth bundle E. This provides an equivalent way to endow Bun,, with a
geometric structure.
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Algebraic moduli problem and moduli spaces. Another way to endow the set
Bun,,; with natural geometric structure comes from algebraic geometry. In order
to do so, we regard X as the analytification of some smooth complex projective
curve, that we also denote by X. In general, if Q is a set of geometric objects
over X and § is a C-scheme, then by a family of objects of QO parametrized
by S we mean a locally free sheaf & on § X X such that, for every closed point
s € §(C), the isomorphism class of %; is an element of Q. We say that two families
F1 and F, parameterized by S are equivalent if there is some line bundle & — S
such that

Fr=2F 1 Qpr L.
The moduli problem for Q is the functor
Q : (C-schemes)®® — Set

which maps a C-scheme S to the set of equivalence classes of families of objects
of Q parametrized by S, and a morphism § — T to the map sending a family
to its pull-back.

A fine moduli space for Q is a C-scheme M representing Q, that is, for
every C-scheme S, we have

Q(S) = Hom(S, M).

In particular, note that Q = M(C), so this is a natural way to give a geometric
description of Q. The existence of a fine moduli space amounts to the existence of
a “universal family” % — M X X from which every other family arises as pullback.
That is, every family & of objects of Q parametrized by S is equivalent to the
family %, determined by a map u : § — M by taking the pullback

1 —>

Z
S \L (s,idy

%A
x X e x

Sometimes, asking for a fine moduli space is too much. There is the weaker no-
tion of coarse moduli space that will be useful for us. A coarse moduli space for
Q is a C-scheme M with a morphism of functors ¥ : Q — Hom(—, M) universally
corepresenting Q, meaning that

1. ¥(C): 0 = Q(C) - M(C) is a bijection,

2. for every C-scheme M’ and any morphism ¥ : Q - Hom(—, M”), there exists
an unique morphism M — M’ such that the following diagram commutes
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Hom(—, M)
o
x

Hom(—, M")

We could try to take Q = Bun, 4 and thus look for a fine or a coarse moduli space
for it, but it turns out that such a space cannot exist. Algebraic geometers find
two ways to solve this issue. The first one is to restrict the problem to consider a
very wide subclass of bundles for which a coarse moduli space can be constructed;
these are the stable bundles. The other solution is to consider the theory of
stacks. Roughly, a stack is similar to a moduli functor, but it is “groupoid-valued”
instead of “set-valued”, with the appropriate higher-categorical notion necessary
to make sense of this. This is then a relatively nice notion of space, that allows one
to make sense and study certain geometric structures. More details about stacks
are given in Section 3.9.

The jumping phenomenon. The main inconvenience for considering all isomor-
phism classes of vector bundles is the issue that the space Bun,, cannot be sepa-
rated. Indeed, if it were separated the following “jumping phenomenon” would not
happen. If the genus of X is greater than 0, then the cohomology space H'(X, Ox)
is not trivial. This cohomology space parametrizes extensions

0 > Ox > E > Ox

~
e

Given a class a € H'(X, Ox), we can consider the map C — H'(X, Ox), t — ta, which
determines a continuous family E, of extensions of Ox by Ox parametrized by C.
Now, if t,# # 0, the bundles E, and E, are isomorphic and non-trivial, but for
t =0, we have Ej = @)2(.

Exercise 21. Consider a point x € X and a small disk D around it, with holomorphic
coordinate z. Let f be a holomorphic function on D\ {x}.

1. Show that f determines a cohomology class a € H' (X, Ox).

2. The bundle E; can be trivialized over X \ {x} and over D. Show that then E;
is determined by the transition function

1 tf
0o 1)
3. Show that E; and E, are isomorphic, for t,t' # 0, and that Ey is trivial.
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Exercise 22. On X = P! we have H'(X, Ox) = 0 but the same “jumping phenomenon”
occurs. Provide an example of a C-family E, of vector bundles on P! such that E,
is trivial and all the E, are isomorphic for t # 0. Hint: Take E, to be isomorphic
to @él for ¢t # 0 and to Opi(1) ® Opi(—1) for t = 0 and use “Birkhoff factorization”

[0 =0 A0 )

Size issues. Another important consideration, also related to the jumping phe-
nomenon, is that the space parametrizing all isomorphism classes of vector bundles
of fixed rank and degree would by all means be “too big”. In algebraic terms, this
means that the stack of vector bundles is not of finite type. In fact, as we explain
in Section 6.3, it is an infinite union of disjoint accumulating strata.

Exercise 23. This “weird topology” of the space of vector bundles is easy to illus-
trate on X = P'. A vector bundle on P' of degree 0 and rank 2 is isomorphic to a
bundle of the form E, = Opi(n) ® Oz (—n). Therefore, as a set Bunyg = {E, : n € N}.
However, Exercise 22 shows that E; lies in the closure of Ey. Using a similar
argument, show that E, lies in the closure of E,,, for every m < n. If we denote
Bun), = {E,}, we conclude that we can stratify

n
Bunyg = UBunz,o’
neN
and that the closure of a stratum Bunj , is the union
n _ >n . _ m
Bunj ;, = Buny, := U Buny), .
m2n

In particular, the point Ey is dense in Bung.

3.4. Taking quotients in geometry.

The jumping phenomenon implies that a space classifying all holomorphic vector
bundles cannot be separated. The main reason why this happens is that we are
trying to endow the set of isomorphism classes of holomorphic vector bundles with
geometric structure by regarding it as a quotient of a space under the action of
some “geometric” group. The non-separatedness of the space then arises from an
easy fact in topology: if a topological group acts on a topological space, then non-
closed orbits give rise to non-separated phenomena in the quotient space. We can
illustrate this with an example.

Example 3.4. Consider the action of C* on C? defined as follows

t-(zw) = (tz, 1 'w).
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The orbits of this action are the family of conics
O,={(z,w)eC:zw=a}, for aeC",

plus the two punctured lines Oy, = {(z,0) : z € C*} and Oy, = {(0,w) : w € C*}, and
the fixed point Oy = {(0,0)}. Note that the conics C, are closed, as well as the point
(0,0). On the other hand, the two lines Oy, and Oy, are not closed, and both have
the point (0,0) in their closure. The map a + O,, for a € CU{0,0,}, determines a
homeomorphism of the orbit set C?>/C*, endowed with the quotient topology, with
the complex line with three origins, which is a non-separated topological space.
However, if we restrict to the closed orbits, the map a — O, determines a bijection
of the set of closed orbits and the complex line C.

There are two ways of constructing “nice” quotients that are relevant from us.
One is coming from algebraic geometry and the other from symplectic geometry.
We closely follow Hoskins’ notes [48].

Quotients in algebraic geometry. Geometric invariant theory.

Recall that an affine C-scheme Y of finite type is by definition the spectrum of
a finitely generated C-algebra A, that is ¥ = SpecA. If G is a complex algebraic
group acting on Y, then there is a naturally induced G-action on A and, if the
group G is reductive (i.e. if it is the complexification of a compact Lie group),
then by Nagata’s theorem the invariant subalgebra A® is also finitely generated.
The inclusion A® < A determines a morphism of affine varieties

Y->Y/|G:= SpecAG,

called the affine GIT quotient. The affine GIT quotient is a categorical quotient
in the sense that it satisfies a natural universal property in the category of C-
schemes.

We are also interested in considering actions of reductive groups on projec-
tive schemes. Recall that if ¥ c P" is a projective variety, then we can consider
its homogeneous coordinate ring, which is a finitely generated graded C-algebra
R = ®,50R, with Ry = C and such that the generators lie in R;. This algebra R does
not depend only on X, but also on the way it is embedded in P". Conversely, the
projective spectrum of such an algebra R not only provides the projective scheme
Y = ProjR, but also a very ample line bundle L = 0(1) — Y. A pair (¥,L) of a
projective scheme with a very ample line bundle on it is called a polarized pro-
jective scheme. Polarized projective schemes are thus in bijective correspondence
with graded C-algebras finitely generated in degree 1.

Let Y be a projective scheme equipped with an action of a reductive group G.
A linearization of this action is a line bundle L — Y such that the action of G
lifts to L in such a way that the projection is equivariant and the morphisms on the
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fibres L, — Ly, are linear. Suppose that L — Y is an ample line bundle providing
such a linearization, and consider the graded ring

R(Y.L) = (D H(L).

r>0

The group G acts naturally on R(Y, L) preserving the graded pieces, and we denote
Y /. G := ProjR(Y,L)°.

Note that we still do not have a categorical quotient. Rather, what we have is a
rational map Y --» Y /; G induced by the inclusion R(Y, L)® — R(Y, L), but undefined
on the closed subscheme V(R(Y, L)) c Y. The points of this subscheme are said to
be (L-)unstable. This motivates the following definition.

Definition 3.5. A point y € Y is (L-)semistable if there exists r > 0 and an
invariant section o € H°(Y,L")“ such that o(y) # 0. The (L-)semistable points in
Y form the open subscheme

Y3 =Y\ V(R(Y,L)9).

The (projective) GIT quotient of Y by the action of G with respect to L is the
natural morphism
st — Y //L G,

induced by the inclusion R(Y,L)¢ — R(Y,L).

It is a theorem of Mumford [56] that the GIT quotient Y;* — Y /, G is in fact
a categorical quotient. In particular this implies that the C-points of Y J; G are
in bijection with the G-orbits which are closed in Y;*; if a point is in one of these
orbits then we say that it is (L-) polystable. These polystable points form a subset
Y C Y;¥, and we are saying that there is a bijection ¥;*(C)/G = Y [, G(C). An
open subset ¥; C ¥;* is formed by (L-)stable points, which are polystable points
such that their orbit has dimension equal to the dimension of G. When restricted

to ¥}, the GIT quotient is in fact a geometric quotient, in the topological sense.

Example 3.6. Consider the group G = C* acting on Y = P" by
t-(z0: vz = 20ty e 1)

The ample line bundle L = Op:(1) provides a linearization of this action, and we
have
RE®", 60 (1) = ) Clizo, ..., 2; = Claozus . 202].

r>0

The semistable locus is (P")** = P" \ V(zoz1,...,20zx) = A" \ {0} and all semistable
points are actually stable. The GIT quotient is then the natural quotient

P"* = A"\ {0} — P" J C* = Proj C[zoz1, .- .,20Z2] = (A" \ {0})/C*" = Pl
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Example 3.7. More generally, if G is a reductive group acting linearly on a projec-
tive scheme Y C P", we obtain a lift of this action to the affine cone ¥ ¢ C"~!. Now,
for any y € Y, we can consider a non-zero lift ¥ ¢ ¥, and we obtain the following
topological criterion

1. y is semistable if and only if 0 ¢ G - §; equivalently, y is unstable if and only
if0eG-3.

2. y is polystable if and only if G - ¥ is closed.

3. yisstable if and only if G-y is closed and has dimension equal to the dimension
of G.

Suppose in particular that G = C*. The linear action of C* on V := C"! splits
the vector space V into a direct sum V = @;czV;, where on each component V; the
action is given as t-v = t'v. Now, for each y € Y we consider any non-zero lift j € V
and the corresponding set of weights

P(y)={i € Z: ¥ has a non-zero component in V;}.

Let u(y) = min P(y) denote the minimum of these weights.

1. If u(y) > 0, then lim,o -5 = 0, so y is unstable.
2. If u(y) = 0 then we have two possible cases:

(a) P(y) = {0}, in which case C*-§ = {j}, and thus y is (strictly) polystable,
(b) there are some i € P(y) with i > 0, in which case the limit lim,_ ¢ is the
Vo-component of ¥, which is not in G-§, and thus y is strictly semistable.

3. if u(y) < 0 then the orbit C* - ¥ is closed and 1-dimensional, so y is stable.

The idea of the above example can be generalized. Consider an action of a
reductive group G on a projective scheme Y, with a linearization provided by an
ample line bundle L — Y. Given any l-parameter subgroup 4 : C* — G, for any
point y € Y we can consider the limit yy := lim,o A(¢) - y. Since this y, is a fixed
point of the induced C*-action, we obtain a C*-action on the fibre L, , which is
necessarily of the form ¢-s = ¢'s, for an unique n € Z. We denote this number by
ur(y, ) = n, and call it the Hilbert- Mumford weight.

Theorem 3.8 (Hilbert-Mumford criterion). A point y € Y is semistable (resp. sta-
ble) with respect to L if and only if for all nontrivial A : C* — G, we have u(y,4) <0
(resp. <0).

The Hilbert—-Mumford criterion also gives us a way to characterize polystable
points which are not stable. A polystable point is semistable, so we have ur(y, 1) <
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0 for all 2 : C* —» G. Now, suppose that u.(y,d) = 0 for some A. Since the orbit
G -y is closed, if we denote yq := lim,,g A(¢) - y, there must be some g € G such that
gy =yo. Since yy is fixed under A(C*), the point y is fixed under the 1-parameter
subgroup A8(C*) := g~ ' A(C*)g.

Quotients in symplectic geometry

Recall that a symplectic manifold is an even-dimensional (real) smooth manifold
Y equipped with a symplectic form w € Q*(Y). This is a closed (dw = 0) and
non-degenerate differential 2-form. A symplectomorphism is a diffeomorphism
preserving the symplectic form. Let K be a Lie group acting on Y by symplec-
tomorphisms. We denote by f the Lie algebra of K and by ¥* its dual, which is
naturally equipped with the coadjoint action.

A moment map for the action of K is a K-equivariant map u : ¥ — t* such
that, for every a € t*, we have

du, = w(d, -).

Here, u, : Y — R denotes the map u,(x) = (u(x),a), and d is the vector field on ¥
defined as

dy= —

7 exp(ta) - x.

t=0

Exercise 24. Consider the unitary group K = U(n + 1) acting on projective space
Y = P" through its standard action on C"*!. Recall that P" is naturally symplectic,

with the Fubini—Study form, which in complex coordinates z = (zo, ..., z,) is written
as
i Zdzj/\de ZZjdeZj/\de
W) = 5 -
R U R T S

This symplectic form is constructed from the standard Hermitian form (—,—) on
C™1. so it is preserved under the U(n + 1)-action. Show that there is a moment
map pu: P" — u(n+ 1)* for this action, satisfying

tr(z'az)

w(lz,ay = S

where z' denotes the conjugate transpose of z.

When the action of K admits a moment map, we can perform symplectic
reduction. Let n € t* be a fixed point under the coadjoint action. We can
then consider the “level set” i : u~'(57) — Y and restrict the K-action to it. The
symplectic quotient is the natural quotient

wpt ) — Y 1, K = (/K.

Rev.Mate. Teor. Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 33(2): 257-354, Jul — Dec 2026



NON-ABELIAN HODGE THEORY AND MODULI SPACES OF HIGGS BUNDLES 289

Theorem 3.9 (Marsden—Weinstein—-Meyer). If the action of K on u~'(n) is free and
proper, then:

1. the symplectic quotient Y [, K is a smooth manifold of dimension dimY —
2dimK,

2. there is an unique symplectic form @ on Y [, K such that 7*® = i*w.

Exercise 25. Consider the action of K = U(1) on Y = P" by
to(zo: - iza) =20tz e 1zy).

We can regard this action as the composition of the action of Exercise 24 with
the homomorphism U(1) — U(n + 1) given by ¢ +— diag(r™',t,...,1). Show that this
action admits the moment map

_ —lzol +lzalF -+l
|ZO|2 + |Zl|2 4o+ |Zn|2 :

Mo it zp)

Conclude that 1~ '(0) is a (2n — 1)-dimensional sphere and that the symplectic quo-
tient u~'(0)/ U(1) is isomorphic to P"'.

The reader might have noticed that all the symplectic manifolds (Y, w) that
we deal with in this section are actually Kéhler. This means that there exists a
complex structure J on Y such that the bilinear form g(—, —) = w(—, J-) is actually
a Riemannian metric on Y. Equivalently, a Kdhler manifold is a complex manifold
(Y, J) with a Hermitian metric # on Y (i.e. a Hermitian metric on TY) such that the
associated 2-form w = Im(h) is closed. The Fubini—Study form on P" is obtained
from the Fubini-Study Hermitian metric, which determines a Kéhler structure on
P". As a consequence, all smooth projective varieties (or rather, their analytifica-
tions) are naturally Kdhler manifolds. It turns out that symplectic quotients of
Kéhler manifolds actually inherit the Kéahler structure.

Proposition 3.10. Suppose (Y, J, h) is a Kdhler manifold with a Lie group K acting
on Y preserving both the complex structure J and the Hermitian metric h and with
moment map u : Y — . Let n € t* be a fized point under the coadjoint action
and suppose that the action of K on u~' (i) is free and proper. Then we obtain an
induced complex structure J and an induced Hermitian metric h on the symplectic
quotient Y [, K = u=' () /K, with respect to which it is a Kihler manifold.
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The Kempf-Ness theorem.

Recall the action of C* on P" from Example 3.6. The restriction of this action
to the unit circle U(1) ¢ C* determines the symplectic action from Exercise 25.
Observe that the GIT quotient and the symplectic quotients coincide

P" ) C* = u ' 0)/ U = Pl
It turns out that this is the general situation.

Let K be a compact Lie group and let G = K€ be its complexification, which is
a complex reductive group. Suppose that G acts linearly on a smooth projective
variety Y C P" through a representation p : G — GL,4+;(C). The analytification of ¥
is a smooth Kéahler manifold, with respect to the Fubini-Study metric; in an abuse
of notation, we identify ¥ with its analytification. The G-action induces an action
of K on P" and, since K is compact, we can choose coordinates on P" so that p
restricts to an unitary representation p : K — U(n + 1), and thus the Fubini-Study
metric on Y is preserved by K. We can now define a moment map u : ¥ — t*
by composing the embedding ¥ <— P" with the moment map P* — u( + 1)
from Exercise 24 and with the map u(n + 1)* — t* induced by the representation
p:K—-Umn+1).

Theorem 3.11 (Kempf-Ness). For any point y € Y, we have that

1. y is semistable if and only if G-y N u~'(0) £ @;

2.y is polystable if and only if G-yNu~'(0) # @ and, in that case, G-yNu~'(0) =
K -y. Therefore,
w ' 0)cG-ul0) = YPF c Y.

Moreover, the inclusion u~'(0) € Y** induces a biholomorphism
#(O)/K—Y /G,

identifying the symplectic quotient with (the analytification of ) the GIT quotient.

3.5. Algebraic construction of the moduli space.

Our first approach to the construction of the moduli space of holomorphic vector
bundles of rank r and degree d on the compact Riemann surface X is as a GIT
quotient. In order to do so, we have to define (semi)stability conditions for vector
bundles on X. We first state these conditions, and later will deduce them from the
Hilbert—Mumford criterion. The moduli space will then be a projective variety N4
obtained as a GIT quotient of a big space parametrizing all semistable bundles.
The closed points of the moduli space will be in bijection with isomorphism classes
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of vector bundles which are polystable, and there will be an open subset N}y CNra
parametrizing stable bundles. The fact that, when restricted to stable points, GIT
quotients are geometric will imply that the space Ni , Will satisfy a certain universal
property, that of being a coarse moduli space. We explain all these notions in
the following.

Definition 3.12. The slope of a vector bundle E on X is the number
MU(E) =degE/rk E.

A holomorphic vector bundle & on X is semistable (resp. stable) if and only if
for every holomorphic subbundle & c &, we have

(&) < u(®) (resp. <).

We say that & is polystable if it is either stable or a direct sum of stable vector
bundles of slope equal to u(%).

Exercise 26. Show that semistability (resp. stability) for a vector bundle & is
equivalent to any of the following conditions:

e For every proper quotient bundle & — &', we have
(&) > u(®) (resp. u(E") > u(®)).
e For every proper subsheaf # — &, we have
WF) < (&) (resp. W(F) < u(&)).
e For every proper quotient sheaf & — %, we have
WF) 2 (&) (resp. W(F) > u(&)).

Exercise 27. Prove the following:

e Every holomorphic line bundle on X is stable.

o If k& and deg & are coprime, then & is semistable if and only if it is stable.

e & is stable if and only if its dual is.

e For any holomorphic line bundle & on X, & is (semi)stable if and only if
EQZ is.

We let Bun] ; denote the set of isomorphism classes of stable holomorphic vector
bundles of rank r and degree d on X, and let Bun; ; denote the moduli problem for
this set.
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Theorem 3.13 (Seshadri). There exists a projective variety N4, the moduli space
of semistable vector bundles of rank r and degree d on X, such that:

1. The set of closed points N, 4(C) is in natural bijection with the set of isomor-
phism classes of polystable holomorphic vector bundles of rank r and degree
d on X.

2. There is a Zariski open subvariety N7, C Nyq which is a coarse moduli space
Jor the moduli problem Buny ;.

3. If r and d are coprime, then N,4 = Nijisa fine moduli space for Bun; ;. In
particular, there is a universal vector bundle %,; — X X N4 from which
any flat family of stable vector bundles of rank r and degree d on X arises as
pullback.

We can give a rough outline of the proof, and in turn explain how the stability
conditions arise from GIT. As we have already mentioned, the main idea for the
construction of N, is to obtain it as a GIT quotient.

Step 1: bounded families.

Recall that we can regard X as the analytification of a smooth complex projective
curve. This amounts to find a relatively ample line bundle on X, that we denote by
Ox(1). As usual for any integer n, we denote Ox(n) = Ox(1)®" and, for every holo-
morphic vector bundle & on X, we put &(n) = €®0x(n). The Hilbert polynomial
of & is given by

ne Pg(n) =x(@Em)=d+r(n+1-g).

For any such &, there exists some integer ng > 0, called the bound of &, such that,
for every n > ng, the bundle &(n) is generated by global sections and H'(X, &(n)) =
0. In particular, this implies that, for n > ng, we have Pg(n) = h°(&(n)). A family F
of holomorphic vector bundles on X is bounded if the set {ng : & € F} is bounded
above. An upper bound for this set is called a bound of F.

If we want to construct a moduli space for a family F as the GIT quotient of
some projective variety, the family F ought to be bounded. Luckily for us, the
family F% of semistable holomorphic vector bundles on X with rank r and degree
d is in fact bounded. Let us take any bound n of this family and consider

N:=Psn)=h@&mn) =d+r(n+1-yg),
where & is any element of F),.

Step 2: the Quot scheme.

Since F7%, is bounded by n, for every & € F'*, the bundle &(n) is generated by global
sections so we can put it as a quotient @Q’ — &(n) » 0. Equivalently, & arises as a
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quotient 7 := Ox(-n) %, & — 0. Consider the polynomial P(m) =d+r(m+1-g)
and let QP% denote the set of quotients 7° 2 % — 0 such that the resulting
coherent sheaf & has Hilbert polynomial Pz = P. The set QP7 determines a

moduli problem, that we denote by Quot;. We refer the reader to [62] for a proof
of the following fact.

Theorem 3.14 (Grothendieck). The moduli problem Quot; admits a fine moduli
space. This space is a projective variety Quot; called the Quot scheme.

Step 3: the GIT quotient.

We identify now the open subscheme Y C Quotf; determined by quotients 7° RA
& — 0 such that & is locally free. In particular, (the set of closed points of) this
scheme Y contains all the elements of the family F,. Base change on 7" induces an
action of G = SLy(C) on Y, and the isomorphism class of a bundle & in Y depends
only on its G-orbit on Y. An ample linearization &, — Y for this G-action is
determined by any m > n and by a standard “Pliicker embedding” of Y in a certain
Grassmannian. Equivalently, &,, — Y is the “determinant bundle” whose fibre

over a quotient 7" 2, & — 0 is the vector space
Fng = det H°(X, &(m))" @ det H' (X, &(m)).

If we take m large enough, we can assume that &, , = det H°(X,&(m))". The moduli
space N, is finally obtained as the GIT quotient

Nr,d = Y//gm G.

Step 4: stability conditions from the Hilbert—Mumford criterion.

Consider now a 1-parameter subgroup 4 : C* — G = SLy(C). This A has some asso-
ciated weights a; > --- > a,, and determines a weight decomposition
of V:=CV as
V = @?zlv,'.

We denote N; = dim¢ V;, so )7, N; = N, and remark the fact that, for A to determine
a 1-parameter subgroup of SLy(C) we must have )], N;a; = 0. We can write the
weight decomposition as a filtration 0 c Fy, c --- ¢ F,_; ¢ Fy = V, by putting
F; = @lel/i. Each of these F; determine a subbundle &; = im(F;®Ox(-—n) - &) C &.
Hence, we obtain a filtration

0c& c---Cc&_1C&=28.

The corresponding graded pieces are denoted by &; = &;/&;_;.
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The 1-parameter subgroup acts with weight a; on each of the cohomology
spaces H*(X,€;(m)), so it is not hard to show that the Hilbert-Mumford weight
is the number

K s—1

dim¢ F;
wﬂ&b=—2ﬁm&%»=ngrm%M&w»—3%—w@w»- (3.1)

i=1

Exercise 28. Show the second equality in the formula above. Hint: Use the relations
dimc F; = Ny + -+ Niy N = 3 Ni, x(&)) = x(&) — x(&i-1) and ¥, Nia; = 0.

Proposition 3.15. An element 7 Le oo of Y is (ZLu-)semistable if and only if
for every subspace 0 # V' C V, we have the inequality

dime V'’ < N
X(&'(m) ~ x(&Em))’
where & = im(V’ @ Ox(—n) — &).

Proof. We can conveniently rewrite the inequality as

, dime V'
X&' (m)) = ———x(&(m)) = 0.
In particular, if this inequality is satisfied for every V’, then every term of the
form x(&;(m)) — %X(%(m)) in equation (3.1) is > 0 and, since the a;;; — a; are

negative, we have ug (8,4) < 0. Conversely, if there is a V' which does not
satisfy the inequality, we can construct a 1-parameter subgroup A determining the
filtration 0 c V' ¢ V, with weights a; > a,, for which we immediately see that

dimc %4
N

K, (&, ) = (a2 —ar) (X(g’(m)) - X(&@m))| >0,

so 7 4, & — 0 is unstable. O

The key now is to note that we can take m to be arbitrarily large. Indeed, if we
take m large enough, for every proper subbundle & C & determined by a subspace
V' c V the numbers y(&’(m)) and y(&(m)) are positive, and thus we can multiply
in the inequality from the previous proposition to obtain an inequality

Nrm+N(d+r(1-g)<N¥m+ N +r(1-g),

where we are denoting r’ = rank(8’), d’ = deg(¢’) and N’ = dim¢ V’. We also denote
by ' = r'/d’ the slope of &’. Since this equality is satisfied for m arbitrarily large,
we have an inequality on the leading terms

N’ /¥ < N/r.
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Finally, we remark that we can also take the upper bound n to be arbitrar-
ily large. If we do that, then we can assume that N/ = y(&'(n)) = rn+d +
r'(1 — g), while by definition we have N = rn + d + r(1 — g). Therefore, the above
inequality becomes

n+p +(1-g)<n+pu+(-g),

from where we deduce that y’ < u. We conclude the following.

Theorem 3.16 (Seshadri). An element 7 L& 50o0fYis (Zn-)semistable (resp.
stable, polystable) if and only if the wvector bundle & is semistable
(resp. stable, polystable).

3.6. The moduli space as a symplectic quotient.

The moduli space of holomorphic vector bundles can also be constructed as the
symplectic reduction of some infinite-dimensional complex vector space under the
action of an infinite-dimensional Lie group. Although dealing with the analytical
technicalities is beyond the scope of this paper, we remark that the theory of
symplectic and Kéahler quotients developed in Section 3.4 can be generalized to
an infinite-dimensional setting. In order to do so precisely, one needs to construct
L?-completions of the spaces we deal with in this section, and then find estimates
that provide the regularity of the solutions obtained. As previously stated, in this
paper we will ignore many of these technicalities, and refer to Kobayashi’s book
[51] for more details.

Let us start by considering a smooth vector bundle E of rank r and degree d.
We denote yu = u(E) = d/r. We denote by Ag the space of connections on E. This
is an affine space modelled over the (infinite-dimensional) complex vector space
Q'(X,End E). If H is a Hermitian metric on E, we can consider the subspace Aen C
Ag of connections which are H-unitary. This is an affine subspace, modelled by
the vector space Q!'(X, uyE), where uyzE is the subspace of endomorphisms of E
which are skew-Hermitian (that is f* = —f) with respect to the metric H. The
space Q' (X, uyE) admits a non-degenerate skew-symmetric form

W(A,B) = — f tr(A A B),
X

which endows it with the structure of an infinite dimensional symplectic manifold.

The space Apy admits a symplectic action by the unitary gauge group
Gen = Q' (X, UyE), where UyE is the subgroup of H-unitary automorphisms. This
is an infinite-dimensional Lie group, whose Lie algebra is the infinite dimensional
vector space

Lie Gey = Q" (X, uyE).
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The dual Lie algebra is isomorphic to LieG} , = Q*(X,uyE) with the duality
pairing induced by integration and the Killing form, that is

(a, a)=ftr(aa),
X

for a € Q°(X, uyE) and o € Q*(X, uyE).

Exercise 29. Consider the map
i Ay = LXK uyE), Vo Fy

sending each unitary connection to its curvature. Show that this map is a moment
map for the action of Gey on Agy. Hint: For a € QX, uyE), compute

_)_

P
VT oar

exp(ta)V exp(—ta) = —Va,

t=0

and, for A € TyAry = Q(X, uyE), compute

d
dop(A) = — . u(V + tA) = —VA.

I

Conclude that
(dyp(A), a) = w(A, d).

Let us fix now a volume form wy € Q*(X), with waX = 1. The ugE-valued
2-form
ag = —2miuidg wy

is invariant under the coadjoint action of Ggy. Therefore, we can consider the
preimage g~ '(@g). An unitary connection V lies in u~'(ag) if and only if it is a
connection of constant central curvature. Recall that this means that

FV = Cidgﬂ)x,

for some constant ¢ € C*.

Exercise 30. Using Chern-Weil theory show that, for any such V, the constant ¢
must be equal to —2miu.

Recall that, if we fix two points xp,x; € X, the holonomy of a connection of
constant central curvature determines a representation

o mX\{x1},x) — U@)

mapping the class of a contractible loop in X around x; and based at xy to the
element exp(—2miu). We conclude the following.
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Theorem 3.17. The symplectic quotient u~(ag)/Ge.n is in natural bijection with
the d-twisted U(r)-character variety (see Section 4.1)

2mid
{(Al, o A Bl Be,Z) e UM TS (AL Bl =Z,Z=¢ 7 1,}
U(r) '

d

where U(r) acts by conjugation. We denote this character variety by XU(r).

3.7. Deformation theory.

One can show that the natural bijection ,u‘l(aE)/gE,H =] X%(r) can in fact be up-
graded to an homeomorphism, which restricts to a diffeomorphism on the smooth
points. We explain the main idea behind this fact by constructing the tangent
spaces of both spaces. We also compare these deformations with deformations of
holomorphic vector bundles.

Deformations of representations.

To understand the tangent space to the character variety X{‘} ,, We can consider
the more general case where p : I1 — G is a homomorphism from a discrete finitely
presented group I to a Lie group G. An element of the tangent space T, Hom(Il, G)
is obtained by considering a smooth family of representations p;, t € R, with py = p
and differentiating at = 0. This yields a map p : IT — g, where g is the Lie algebra
of G. The homomorphism condition on p induces the following property on p:

p(o102) = p(o1) + Adyr)(0(02)).

This means that p is a 1-cocycle Z;(H, g) for the group cohomology theory
associated with the representation of Il on g defined by o — Ad,,). We can also
compute, for v € g,

d
d_t":o exp(tv)p(o) exp(=tv) = Adyn(v) — v.

This determines a map d : g — Zpl(l'[, g), by putting d(v)(c) = Ady(v) —v. The
cokernel of this map is the group cohomology group H))(H, g). We can then
consider the quotient space

XH,G = HOII’I(H, G)/G

by the conjugation action of G. Note that the centre Zs of G acts trivially, so we
actually have Xy = Hom(I, G)/GY, for G* = G/Z;.

The “expected dimension” of Xy is then

dim’ X116 = dim Hom(IT, G) — dim G* = dim Hom(I1, G) — dim G + dim Z;.
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On the other hand, the “expected tangent space” of X1 at the equivalence class
of a representation p is the group cohomology space

T,Xnc = H)(ILq).

We compute now the dimension of H;(H, g). The presentation of IT determines a
resolution of Z as a Z[II] module that induces the formula

D (=1)! dim H(IT,9) = (1 - m(IT)) dim G,
i=0

where m(IT) is the difference between the number of generators and the number of
relations of II.

For our particular choice of group II = 7 (X \ {x1},x0), if o maps the class
of a contractible loop in X around x; to a central element of G, then this class
acts trivially on g through the adjoint action, so we can just take IT = m1(X, x9).
Since X is a K(IL, 1), the group cohomology H;(Il,g) actually coincides with the
ordinary local-system valued cohomology H*(X,g,), where g, is the local system
on X induced by the representation Ad o p : m;(X) — GL(g). Therefore, we have
H/(I1,9) = 0 for i > 3 and

dim H)(I1, 9) = dim H)(I1, 8) + dim H (I1, 8) + 2(g = 1) dim G.
Since the adjoint representation is self-dual, Poincaré duality gives an isomorphism
H(X. 0p) = HA(X, ),
so in fact we have
dim H)(I1, 9) = 2[dim H)(I1,g) + (g — 1) dim G].
The space Hg(H, a) is the subset of elements z € g such that z = Ad,)(z) for every

o € II. This space is the infinitesimal stabilizer 3,, i.e. the Lie algebra of the
stabilizer G, of the representation p. We conclude

dim7,Xn ¢ = 2[dim3, + (g — 1) dim G].
The dimension of Hom(I1, G) is the rank as a G-module of the kernel of the map
8
G* — G, (Ar,.... A Bi,..., B) — | |14 Bl
i=1

The rank of this map is actually dim G = dim G — dim Z;, so

dimHom(II, G) = 2g — 1)dim G + dim Zg,
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and thus the expected dimension of Xy is
dim’ X6 = 2[dim Zg + (g — 1) dim G].

For X116 to be smooth at a point [p], the dimension of H [1) (IT, ) must coincide with
the expected dimension dim’ X1 . We say that a representation is infinitestmally
simple if the infinitesimal stabilizer 3, is isomorphic to the centre 3 C g of the Lie
algebra. For such a representation, we have

dim T, X1 = 2[dim3 + (g — 1) dim G] = dim’ X 6.

In particular, we say that p is simple if G, = Z(G). Near a simple class [p], we
obtain a local model for Xy as the space H’;(H, a).

The real dimension of U(r) is equal to the complex dimension of GL,(C), which
is equal to 2. Moreover, U(r) has the 1-dimensional center U(1). We obtain a first
formula for the dimension of Xy

dim Xy = 2[(g — D)r* + 1].

Deformations of flat unitary connections.

We consider now a connection V € u~'(ag) and study the tangent space at [V], the
gauge equivalence class of A, of the space u~'(@g)/Gr.n. We do this by considering
the gauge complex

0 — Q°X, upE) —— Q'(X, uyE) —— Q>*(X,uyE) — 0,

and let Hg be its cohomology groups. For an infinitesimal deformation in the di-
rection A € Q'(X,uyE) to stay tangent to u'(ag), we must have VA = 0, so the
tangent space of u~!(ag) is identified with the space of 1-cocycles of the above
complex. Moreover the first map of the complex encodes the infinitesimal action
of Gen, so we can precisely identify the tangent space Tv(,u’l(aE)/QE,H) with the
cohomology group Hé. Using the basic theory of elliptic complexes, one can show
that in fact Hg = H% are 1-dimensional precisely when V is an irreducible connec-
tion (and thus corresponds to a simple representation). Moreover, one can use the
Atiyah—Singer index formula to compute

dim HY = 2[(g - Dr* + 1].
See [4] for more details.

We can conclude the following.

Corollary 3.18. The open dense subspace u (ag)*/Ge.n C u (ag)/Ge.n parametriz-
ing gauge equivalence classes of connections of constant central curvature which are
irreducible is a Kdahler manifold of complex dimension (g—1)r*+1, diffeomorphic to
the open subspace (X%(r))s c (X%(r))s of the twisted character variety parametrizing
conjugacy classes of simple representations.
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Deformations of holomorphic structures.

Recall that the space Cg of holomorphic structures on E is an affine space modelled
by the vector space Q*!(X,End E), so we can identify this vector space with the
tangent space of a holomorphic structure d¢. The action of the complex gauge
group Qg = Q%X, Aut E) induces the infinitesimal action

Q°X,End E) — Q%'(X,End E)
a (T)g «.

This allows us to identify the (holomorphic) tangent space to the moduli space
N.,.q at the class [&] of a polystable holomorphic bundle as

Tig\Ny.q = H' (X,End &).
We can compute this cohomology group using Riemann-Roch
dim H°(X,End &) — dim H'(X,End &) = (1 — g)rk(End &) + deg(End &).
Now, note that the rank of End & is r*> and that End & has trivial degree. Hence,

dime Tjg ) Ny.g = (g — Dr* + dim H(X, End &).

Exercise 31. A holomorphic vector bundle & is simple if and only if
H°(X,End &) = C.

Show that a polystable holomorphic wvector bundle & is simple if and only
if it is stable.

Corollary 3.19. The Zariski open subvariety N7}, C Nyq is a smooth complex quasi-
projective variety of (complex) dimension (g — 1)r? + 1.

3.8. The theorem of Narasimhan—Seshadri.

Hermitian- Einstein metrics.
Recall that there is an unique unitary connection Vg, the Chern connection, on a

Hermitian holomorphic vector bundle (&€, H) such that dg is recovered as V%l.

Definition 3.20. A Hermitian—FEinstein metric (HE metric) on a holomorphic
vector bundle & is a Hermitian metric H on & such that its Chern connection Vg
has constant central curvature; that is, such that

Fy = 2miu(€) idg wy,

for F[.[ = FVH-
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Proposition 3.21. If & admits a HE metric then it is polystable.

Proof. Suppose that & c & is a holomorphic subbundle of & and consider the
quotient & = &/&’. We can write

vV B
VH = (—ﬁ—{ V//).
Here, V' and V” are the restriction and the projection of Vg to & and &”, re-
spectively, while 8 € Q%!(X,Hom(&"”,&")) is a representative of the class of & as

extension of &” by &’. In particular, if 8 = 0, then & = & & &”. The form
BT e QYOX, Hom(&’, &")) is just the conjugate transpose of S.

Now, the top left element of Fy is Fy. — B A B7. Taking traces, integrating and
multiplying by 5-, we obtain

i i
—rk& =— | r Fe. + |8l
et 2ﬂ£r v + 1Bl

From here, we get
u(&) = u(E") + ClIBIP,

for some constant C > 0. Therefore, wW(&) > w(&’), with equality if and
only if 8 =0. O

The converse of the above proposition is the celebrated theorem of Narasimhan—
Seshadri [59], as interpreted by Atiyah-Bott [4]. A direct proof in these terms was
provided by Donaldson [15].

Theorem 3.22 (Narasimhan—Seshadri). Every polystable holomorphic vector bundle
admits a HE metric.

Narasimhan—Seshadri as infinite dimensional Kempf—Ness.

It is important to remark that the content of the original result of Narasimhan
and Seshadri is not only the existence of Hermitian—Einstein metrics, but also the
identification of two moduli spaces: the moduli space of semistable vector bundles
and the twisted character variety of unitary representations. Let us explain this
statement.

The theorem of Narasimhan—Seshadri can be interpreted in a more “dynamical”
way. We start by consdering a smooth vector bundle E of rank r and degree d,
and fix a Hermitian metric H on E. Recall that we denoted by Cg the space of
holomorphic structures on E, and by Agy the space of unitary connections on
(E, H). There is a natural map

Cr — App, 05 — Vg = Vg ),
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sending a holomorphic structure dg to the Chern connection of the Hermitian
holomorphic bundle (&, H). The complex gauge group gg = Q%X, Aut E) acts on Cg
and, through this map, on the space Ag y. Given an element g € Q((Ej, the connection
Vg is mapped to g - Vg := V(g o), the Chern connection for & equipped with the
Hermitian metric H transformed by g. Therefore, the existence of a Hermitian—
Einstein metric Hy on a holomorphic vector bundle & can be interpreted as the
existence of an unitary connection of constant central curvature Vo = V(g g, in the
Q(Ej—orbit of Vg. The theorem of Narasimhan—Seshadri can then be reformulated
as follows.

Theorem 3.23 (Narasimhan—Seshadri). Let E be a smooth complex vector bundle of
rank r and degree d on X, and fizx a Hermitian metric H on E. For any holomorphic
vector bundle & with underlying smooth vector bundle E, consider the unitary
connection Vg, defined as the Chern connection of (&, H). We have that

1. & is semistable if and only if Q(g Ve Nnu Nag) # @;

2. & is polystable if and only if Q% Ve NuYag) # @ and, in that case, Q%-
Ve N~ (ag) = Gen - Ve. Therefore,

p N aw) € G - p N (ap) = CFF C CY
Moreover, the inclusion u~ ' (ag) C ng induces a homeomorphism

X&) = 1 @p) /G — CVIGE = Ny,

identifying the d-twisted U(r)-character variety with (the analytification of) the
moduli space of semistable holomorphic vector bundles of rank r and degree d.

Moduli of (twisted) SL,-bundles and PGL,-bundles.

Consider the special unitary group SU(r) € U(r) of unitary matrices of determi-
nant 1. The character variety Xsy(y = Hom(m (X, x0), SU(r))/ SU(r) and its twisted
versions XgU(r) (defined as in Section 4.1) also admit an interpretation in terms of
holomorphic vector bundles. The moduli space of semistable holomorphic
SL,(C)-vector bundles is by definition the preimage

N, = N(SL,) := det "' (Ox)

of the map det : N,o — Jac(X). More generally, for any integer d we can fix a
degree d holomorphic line bundle £ and define the moduli space of semistable
holomorphic d-twisted SL,(C)-vector bundles /(/,,d = Ny(SL,) as the preimage
of & under the map det : N,y — Pic?(X). The theorem of Narasimhan—Seshadri
identifies 5

XSue) = Nia-
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In particular, the complex dimension of N,,d is

dime Ny = (r* = (g - 1).

There is an easy way to recover the space N4 from N,4. We consider the finite

group
T, =Jac(X)lr] = H'(X,Z,) = (Z,)*

of order r points of the Jacobian of X. The group I', acts on }(/r,d and on Pic?(X)
by tensorization. The space N, is then recovered as

Nya = (N, g x Pic!(X))/T,.

We can also consider the projective unitary group
PU(r) = U/ (L1, £ € U} = SUMN/{CL 2 & =13,

and the character variety Xpyr) = Hom(m (X, xo), PU(r))/ PU(r). This character
variety is determined by the relation

[A1,Bi]...[Ag. Bl =1,
in PU(r), which translates to the relation
[A1, Bi]...[Ag, Bgl = I, for some ¢ € U(1) with {" =1,

in U(r). The choice of r-th root of unity determines r connected components

on Xpyg), that we label as XgU(r), .. ,Xlr,al(r). Note that we can identify, for each
d=0,...,r—1,

d d 2
XPU(r) = XSU(r)/ @)%,

where the finite group (Z,)* acts naturally by multiplication. The theorem of
Narasimhan—Seshadri identifies the character variety

N
Xpu(y = Nra

with the moduli space of semistable holomorphic d-twisted PGL,(C)-vector
bundles, defined as the quotient

Nya = Na(PGL,) := N4/T.
Remark 3.24. We remark that the subspace N: . C N,,d is in fact smooth, but the

space er , 18 not. However, it has a nice structure, being a quotient of the smooth

manifold N; , by the finite group TI,, the moduli space N; PRt
naturally an orbifold.
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Remark 3.25. More generally, we could consider a complex reductive group G
and study the classification of holomorphic principal G-bundles. This problem
was studied by Ramanathan [63], who gave explicit (semi)stability conditions for
holomorphic principal bundles and proved a result analogous to the theorem of
Narasimhan—Seshadri. Namely, Ramanathan’s theorem identifies the moduli space
N(G) of semistable holomorphic principal G-bundles with the character variety
parametrizing conjugacy classes of representations m;(X, xo) — K, where K € G is
a maximal compact subgroup.

3.9. More details about stacks.

A natural way to think about a stack is as a “groupoid valued sheaf”. We can
understand this as a “functor” from a “geometric category” (for us, generally this
geometric category is either complex analytic spaces or C-schemes, equipped with
the analytic or étale topologies, respectively) to the (2-)category of groupoids.
The word functor in this context can be made precise in terms of higher cate-
gories. Moreover, if we want to think about a “sheaf”, then we need to impose
some “gluing” (aka descent) conditions. Thinking in these terms allows one to
consider a notion of space that not only contains points, but also “automorphism
groups” (aka inertia groups) attached to each point. We shall illustrate these
ideas with examples.

Any group G can be regarded as a groupoid: namely, we can consider the
category with one object and whose morphisms are given by the elements of G. If
G is a group in the geometric category (i.e., for us, a complex Lie group or a group
C-scheme), then we can consider the stack BG which maps any complex space S
to the groupoid of principal G-bundles on S. Note that if S is just a point, or more
generally a space where all principal G-bundles are trivial, then BG(S) is just the
groupoid G. Indeed, BG(S) only has one object, the trivial bundle, but this trivial
bundle has a whole G worth of automorphisms.

Another interesting stack to consider is the stack Picy, mapping any complex
space S to the groupoid of line bundles on X X S. Again, the C-points Picy(C)
form a groupoid whose objects are simply the C-points of the moduli space Pic(X)
(i.e. the isomorphism classes of line bundles on X), but each point comes equipped
with a whole C* worth of automorphisms. In fact the decomposition

Picy = Pic(X) x BC*

is global: since there is an universal line bundle % — Pic(X) x X, for each S
we can identify the objects of Picy(S) with the morphisms § — Pic(X), and the
automorphisms of an object of Picy(S) are given by maps § — C*.

More generally, we can consider the stack Bun,;, mapping any complex space
S to the groupoid of families of vector bundles of rank r and degree d on X
parametrized by S, with morphisms given by equivalence, or the more manageable
stack Bun; ; of stable vector bundles. Recall that stable bundles are simple (Exer-
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cise 31), so the C-points Bun; ,(C) form a groupoid whose objects are the C-points
of the moduli space N; 4 but each point comes equipped with a whole C* worth
of automorphisms. This determines a map Bun;;, — N . However, unlike in the
case line bundles we cannot generally split Bun;, as N X BC*, even if r and d
were coprime. This is because, even though in the case of r and d coprime there is
an universal family % — N7, = N,4, it follows from our definition of equivalence of
families that this universal famlly does not determine a vector bundle, but rather
just a PGL,(C)-bundle. We denote this bundle by PE — N, 4.

The structure of Bun} , — N? »q is that of a gerbe. If H is a commutative complex
group, we say that a map M — M from a stack to a scheme is an H- -gerbe if

1. it is a BH-torsor, meaning that for every S — M, the set of objects of the
groupoid M(S) is Hom(S, M), and there is a transitive action of the group
H(S) on the set of automorphisms of each object of M(S) and

2. it is locally trivial, meaning that we can cover M by opens U such that M(U)
is non-empty and it is isomorphic to M(U) x BH(U).

A trivialization or splitting of a gerbe is an isomorphism M = M X BH.

Exercise 32. Show that H-gerbes are classified by the Cech cohomology group
H*(X,H). Hint: Trivialize on local opens and show that on double intersections
you have “transition bundles”. Now, compare these transition bundles on triple
intersections to obtain a Cech 2-cocycle with values on H.

We have shown that Picy — Pic(X) is a trivial C*-gerbe but that Bunf’ N is
a C*-gerbe which in general does not split. In fact, the element of H*(N 4 C) deter-

mined by this gerbe coincides with the image of the class [PE] € H 1(Nrf 4 PGL.(©))
through the map induced by the short exact sequence

1> C" - GL.(C)— PGL,(C) — 1.

We can also consider the stack Bunth 4 of d-twisted SL,-vector bundles, which is
a p-gerbe over the moduli space Nrs 4> for u, € C* the group of r-th roots of unity.

4. NON-ABELIAN HODGE THEORY

4.1. Character varieties and the Betti moduli space.

In the previous section, we studied the moduli space of holomorphic vector bundles
on a compact Riemann surface X and showed how it is related to the (twisted)
character variety parametrizing unitary representations of the fundamental group
of X, via the theorem of Narasimhan—Seshadri. We are now interested in consid-
ering the space of all linear representations of the fundamental group, not only
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those which are unitary. In other words, we want to classify homomorphisms
p : m(X,x)) = GL,(C) up to conjugacy. This leads naturally to the algebraic
theory of character varieties.

Let IT = (s1,...,8p : r1i(S1,...,8p) = 1,...,r4(s1,...,8,) = 1) be a finitely pre-
sented group. The GL,-representation variety RngL, (over C) associated with
IT is the affine variety representing the functor sending any C-algebra A to the set

Rn.cL,(A) = Hom(I1, GL,(A))
={S1.....8, €GLAA) : ri(S1,....8p) =Ly 1g(S1sn. 0 S ) = 1.
The group GL, acts on Rngr, by conjugation and the affine GIT quotient
Xner, = Ruar, / GL, = Spec(C[Rncr,19)

is called the GL,-character variety (over C) associated with IT. More generally,
if we fix a generator s; € Il and a conjugacy class ¢ € GL,, we can also consider
the subvariety R C RpygL, representing the functor

TL,GL,
ARG (A) ={p : TT > GL,(A) : p(sy) € ¢},
and the corresponding GIT quotient
Xy, =Ry, I GLr.
Recall that one of the important properties of the affine GIT quotient is that the

closed points of XﬁféLr correspond to the closed GL,.(C) orbits in RE,SGL,(C)' Now,

these orbits are precisely the orbits of the semisimple representations. A represen-
tation p : IT —» GL,(C) is semistmple if and only if it decomposes as a direct sum of
simple representations. Therefore, if we consider the subset RﬁféLr(C)J' C ‘R;I‘GL (©)
consisting of semisimple representations, we have

Xii (©) =Ry, (C©)F/ GLA(C).

Let us consider now our compact Riemann surface X, with two marked points
xo and x, and let us take

8
M= (X \ {x1},x) = <a1,.-.,ag,b1,...,bg,z : l_[[ai,bi] =z>.
i=1

For any integer d, we let ¢; C GL, denote the conjugacy class of the matrix e I.
We define the Betti moduli space ME, of X as
B Z
M, = ch'?,GL,.‘
In particular, for d = 0, we obtain the character variety

B _
M,y = Xr(xx0).0L, -
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Recall from Section 3.7 that we can consider the Zariski open subset Mf; C
Mf , consisting of simple representations. It follows from our discussions there

that Mf’; is a smooth complex algebraic variety, of complex dimension

dime M) = 2[(g — ) + 1.

4.2. The de Rham moduli space

Algebraic construction.

Recall that the Riemann—Hilbert correspondence relates representations of the
fundamental group with holomorphic bundles with holomorphic connection. This
motivates the study of the moduli space of such pairs, that is usually called the
de Rham moduli space.

Definition 4.1. A holomorphic vector bundle with meromorphic connection (7, D)
on X is semistable (resp. stable) if and only if for every D-invariant holomorphic
subbundle 7’ ¢ 7 (that is, D(7) c 7" ® QL ), we have

w7 < (7)) (resp. <).

We say that (77, D) is polystable if it is either stable or a direct sum of stable
pairs with of slope equal to u(7").

We let Conn? ,q denote the set of isomorphism classes of stable holomorphic
vector bundles with meromorphic connection of rank r and degree d on X, and let
Conn;, denote the moduli problem for this set.

Theorem 4.2 (Simpson). There exists a quasiprojective variety Mf};, the de Rham
moduli space of rank r and degree d on X, such that:

1. The set of closed points MdR(C) is in natural bijection with the set of iso-
morphism classes ofpolystable holomorphic vector bundles with meromorphic
connection of rank r and degree d on X.

2. There is a Zariski open subvariety Mfﬁ’s C M‘r“; which is a coarse moduli
space for the moduli problem Conn,

3. If r and d are coprime, then M‘:E = Mil;’s is a fine moduli space for Conn;,.
In particular, there is a universal vector bundle with connection %., —
MdR from which any flat family of vector bundles with connection of rank r
and degree d on X arises as pullback.
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The proof of this result can be found in [68, 69], and follows a very simi-
lar argument to Seshadri’s construction of the moduli space of vector bundles,
that we explained in Section 3.5. Simpson also proved that the Riemann—Hilbert
correspondence can be upgraded to a complex-analytic isomorphism of moduli
spaces. Since taking holonomy is essentially transcendental, this isomorphism
is not algebraic.

Theorem 4.3 (Simpson). Let (7', D) be a holomorphic vector bundle with mero-
morphic connection of rank r and degree d on X, and let

p I =m(X\ {xi},x) = GLA(C)

be the corresponding representation. Then, the pair (7", D) is polystable if and only
if the representation p is semisimple. This determines a natural map ﬂgéL ©) -
Conn’ jl which is equivariant with respect to the conjugation GL,(C)-action on the

left, and in turn descends to a complex analytic isomorphism

RH : MZ, — M.

Remark 4.4. One way to check that the Riemann-Hilbert isomorphism RH :
Mfd - M‘:E is not algebraic is by comparing the mixed Hodge structures of
both spaces. Indeed, the Betti moduli space is an affine variety and as such it has
a balanced Hodge structure, while the Hodge structure of the de Rham moduli
space is pure. See [36] for more details.

As a symplectic quotient.

Let us consider a smooth vector bundle E of rank r and degree d and, as usual,
write u = u(E) = d/r. Recall that we considered the space Ag of connections on
E. A Hermitian metric H on E induces a “Cartan decomposition”

EndE = uyE @ iuyE,

since every endomorphism can be decomposed in its Hermitian and skew-Hermitian
parts. Therefore, if D is a connection on E, then we can write

D=V +i0,

where V is a H-unitary connection on E and ® € Q!(X, iugE). Therefore, we obtain
a splitting
Ap = Apy © Q' (X, iuyE).
This splitting determines a Kéhler structure on the vector space Ar. More pre-
cisely, this complex structure Isx acts on a given point (A,¥) € Q'(X,uyE) ®
Q'(X, iuyE), as
Ir(A,Y) = (-, A),
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and, for a pair of points (A}, V) and (A,,¥;), the symplectic structure wgr is
given by

war((A1, V1), (A2, W) = ftr(‘lﬁ A xAy — Ay A ),
X

where * denotes the Hodge star operator on the Riemann surface X (with respect
to the prescribed Kéhler form wy).

Exercise 33. The unitary gauge group Gen acts by gauge transformations on the
space of all connections Ag. Show that this action admits the moment map

Uar : Ap = Ay ® Q' (X, iugE) — QX(X,uyE), D=V +i® - V x O,

with respect to the symplectic structure wqr-

The action of the unitary gauge group preserves the curvature, and thus it can
be restricted to an action on the subspace Fr C Ag of connections of constant
central curvature. We can then consider the symplectic reduction

(Mra> Iar, war) = parlz (0)/ G,

which inherits a Kéhler structure from (Ag, I4r, wqr). In general this is an analytic
space which is not smooth, but the dense open subset Mi 4 € Myq of irreducible
connections is indeed a Kéhler manifold. As we explain in the next section, we
can identify this space with (the analytification of) the de Rham moduli space.

Harmonic metrics and the Corlette—Donaldson theorem.

Let (77, D) be a holomorphic vector bundle with meromorphic connection. Recall
that, if H is a Hermitian metric on 7, then there is an unique unitary connection
Vu, the Chern connection, such that dy = V%l. We define the operator 6; = Vlli’o.

Exercise 34. Following a similar argument, prove that there is an unique unitary
connection V}, such that D = (V)10

We denote D7 = (V;i)o’l. Then, we can consider the operator

95 := 1By +D™),

and the (1, 0)-form
¢ = 2(D-0).

By definition, the pseudocurvature of the metric H (with respect to the pair
(7', D)) is the (1, 1)-form
Gu =0z ¢.
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Definition 4.5. A Hermitian metric H on a holomorphic vector bundle with mero-
morphic connection (77, D) is harmonic if Gy = 0.

A Higgs bundle is a pair (&, ¢) consisting of a holomorphic vector bundle &
over X a and holomorphic End &valued (1,0)-form ¢ € H'(X,End&). (Equiva-
lently, ¢ is a holomorphic “twisted endomorphism” ¢ : & - E® Q}()

It is clear now that a harmonic metric on a pair (7', D) determines a Higgs
bundle. The question then is when does a pair (7", D) admit a harmonic metric.
The answer is the Corlette-Donaldson theorem.

Theorem 4.6 (Corlette-Donaldson). A holomorphic vector bundle with meromor-
phic connection (7", D) admits a harmonic metric if and only if it is polystable.

Exercise 35. It is convenient to rewrite the Corlette-Donaldson theorem in terms of
flat bundles, through the correspondence (7', D) — (E, D + dy) from Proposition
2.22. Let (E,D) be a flat bundle determined by a pair (7, D), and let us fix a
Hermitian metric H on E. Consider now the decomposition D = V + i® induced
by the splitting End E = ugE @ ingH. Show that

V=Ven = O +8g and ® = ¢ — goTH,
where 6; = %(D + 6;) and @' = %(57 —-D). Show then that
Gu=0gp=-V+®+iVD,

and that
Fp=Fy+iVO-OAD=aqag.

Using the decomposition End E = ugE & iugE, conclude that
V® =0, so then Gy = -V = D,

and
Fp=Fy+[p,¢"] = ag.

We can then rewrite the Corlette—Donaldson theorem as follows.

Theorem 4.7 (Corlette-Donaldson). A bundle with connection (E, D) with constant
central curvature determines a semisimple representation if and only if it admits
a Hermitian metric H such that

Vxd =0,

where D = V + ® is the natural decomposition induced by the Cartan splitting
EndE = ugE @ iugE.
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In a similar way as we did for vector bundles, we can also give a “dynami-
cal” interpretation of the Corlette-Donaldson theorem, where instead of fixing the
holomorphic structure and finding a canonical metric, we fix the metric and act
through the complex gauge group to reach a solution of the moment map equation.

Theorem 4.8 (Corlette-Donaldson, Simpson). Let E be a smooth complex vector
bundle of rank r and degree d on X, and fiz a Hermitian metric H on E. For any
holomorphic vector bundle with meromorphic connection (7, D) with underlying
smooth vector bundle E, consider the flat connection D = D + dy, which splits as
a sum D =V + ® of an unitary connection V and a 1-form ® € Q'(X, iuyE). The
complex gauge group gg acts on the pair (V,®). We have that

1. (7', D) is semistable if and only if QS -(V, D) ﬁy;é(O) * O;
2. (7, D) is polystable if and only if Qg -(V,D) ﬂu;ﬁ(O) # @ and, in that case,
g;’;ﬁ -(V, D) N ugé(O) =Geu - (V,0). Therefore,
Har(0) € G - g (0) = D’ € DY,

where Dg denotes the set of holomorphic vector bundles with meromorphic con-
nection with underlying vector bundle E, and the superscripts P* and ** stand for
taking subsets of polystable and semistable pairs, respectively.

Moreover, the inclusion H;ﬁ(o) C Z)ZS induces a complex analytic isomorphism

(Mras Ir war) = pgp(0)/Gen — DY |Gy = M,

identifying the Kdihler manifold (M, Isr, war) with the (stable part of) de Rham
moduli space of rank r and degree d.

4.3. The moduli space of Higgs bundles.

Algebraic construction.

We have shown how a holomorphic bundle with meromorphic connection endowed
with a harmonic metric determines a Higgs bundle (&, ¢). It is then interesting
to study the moduli space of Higgs bundles, also called the Dolbeault moduli
space. The stability theory and the construction of the moduli space completely
parallels the cases we have already studied.

Definition 4.9. A Higgs bundle (&, ¢) on X is semistable (resp. stable) if and only
if for every g-invariant holomorphic subbundle & c & (that is, ¢(&’') c &' ® Q}()7
we have

W& < (&) (resp. <).
We say that (&, D) is polystable if it is either stable or a direct sum of stable pairs
with of slope equal to u(&).
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We let Higgs; ; denote the set of isomorphism classes of stable Higgs bundles of
rank r and degree d on X, and let Higgs; ; denote the moduli problem for this set.

Theorem 4.10 (Nitsure). There exists a quasiprojective variety MD"1, the Dol-
beault moduli space of rank r and degree d on X, such that:

1. The set of closed points MDOI(C) is in natural bijection with the set of iso-
morphism classes of polystable Higgs bundles of rank r and degree d on X.

2. There is a Zariski open subvariety M?gl’s C M]r)gl which is a coarse moduli
space for the moduli problem Higgs,

3. Ifr and d are coprime, then /\/(D01 /\/(DO1 *is a fine moduli space for Higgs;. ;.
In particular, there is a unwersal Hzggs bundle %, — MDO] from which
any flat family of Higgs bundles of rank r and degree d on X arises as pullback.

As a symplectic quotient.

Let us consider a smooth vector bundle E of rank r and degree d and, as usual, write
u=u(E) =d/r. We fix a Hermitian metric H on E. Recall that any connection D
on E, can be split as
D=V +i0,
where V is a H-unitary connection on E and ® € Q!(X, iuyE), and thus we obtain
a splitting
Ap = Apy © Q' (X, iugyE).
We now consider a Kahler structure on Ag which is different from the one we
considered in Section 4.2. Given a point (4,%¥) € Q' (X, uyE) ® Q'(X, iuyE), we
define
Ipai(A, YY) = (A, — * @),
and, for a pair of points (A}, V) and (A;,¥;), the symplectic structure wgr is
given by

wpol((A1,¥1), (A2, 1)) = ftf(—Al NAy +¥ A P).
X

Remark 4.11. In some sense, we could understand that, while the complex struc-
ture Iggr was induced by the natural complex structure on the space End E (which
is in turn induced by the complex structure on GL,(C)), the complex structure Ipy
is induced by the complex structure on X.

Exercise 36. Let us consider the subspace Hr C Ag of connections D = V+i® such
that VO = V= ® = 0. The unitary gauge group Gen acts by gauge transformations
on the space of Hg. Show that this action admits the moment map
Upol : Ap = App ® Q' (X, iuy E) — Q*(X, uyE)
D=V+i0r— Fy+DAOD,
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with respect to the symplectic structure wpo-

We can then consider the symplectic reduction

(Mras Ipol, @pal) = ftoll(, (0)/ G,

which inherits a Kéahler structure from (Ag, Ipol, wpo1). As we explain in the next
section, we can identify this space with (the analytification of) the Dolbeault
moduli space.

Hermitian—FEinstein—Higgs metrics and the Hitchin—Simpson theorem.

Let (&, ¢) be a Higgs bundle with underlying smooth bundle E. If H is a Hermitian

metric on &, we can construct a connection on E from (&, ¢) by putting
D=8§+5’g+go—<p+”.

Since ¢ is holomorphic, we have dg ¢ = 0, and thus the curvature of D is equal to

Fp = Fy+[g,0™],

where Fpy is the curvature of the Chern connection Vz = é)g + 0z. Note that D is
not necessarily a connection with constant central curvature. We are interested in
finding Hermitian metrics for which that is in fact the case.

Definition 4.12. A Hermitian-Einstein-Higgs metric (HEH metric) on a Higgs
bundle (&, ¢) is a Hermitian metric H on & such that

Fy+lg, 0" = ag.

Exercise 37. Verify that the equation Fy+[@,¢™] = ag is equivalent to the equation
Fy—-®AD=ag, for®=¢— ',

Theorem 4.13 (Hitchin—Simpson). A Higgs bundle admits an HEH metric if and
only if it is polystable.

Exercise 38. Emulate the proof of Proposition 3.21 to show that if a Higgs bundle
admits an HEH metric then it is polystable.

As in the previous situations, we can give a “dynamical” interpretation of this
result if we fix a Hermitian metric and try to find solutions of the
moment map equation.

Theorem 4.14 (Hitchin—Simpson). Let E be a smooth complex vector bundle of
rank r and degree d on X, and fix a Hermitian metric H on E. For any Higgs
bundle (&,¢) with underlying smooth vector bundle E, consider the pair (V, D),
where V = ég + 0% is the Chern connection and ® = ¢ — ¢™. The complex gauge
group QE acts on the pair (V,®). We have that
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1. (&, ) is semistable if and only if Qg -(V, D) ﬂp]‘)})l(ag) * @;

2. (8,¢) is polystable if and only if gg -(V, D) ﬁ,u]‘yl)l
£ (V.®) N (@) = G (V. @), Therefore,

(ag) # @ and, in that case,

Hpol(@E) C G * pipg(p) = S’ < SY,

where Sg denotes the set of Higgs bundles with underlying vector bundle E, and
the superscripts P* and ** stand for taking subsets of polystable and semistable
pairs, respectively.

Moreover, the inclusion /,I]SLI(Q’E) c 8 induces a complex analytic isomorphism

(Meas Inet, wpol) = tpe(@E)/Gen — S5 1GE = MDY,

identifying the Kdhler manifold (Mid’ Ipol, Wpol) with the Dolbeault moduli space of
rank r and degree d.

Further properties of Higgs bundles.

Exercise 39 (Some examples of Higgs bundles). Can you think of any “trivial” or
easy examples of Higgs bundles. Are they stable?

A less trivial example is obtained if we consider any holomorphic line bundle
Z over X and take & = Z®@Q! @ . For any pair of sections (a1,a) € H'(X, Q))&
HO(X, (9}1()‘8’2), we can equip & with the Higgs field

_ (a1 a2
= 1 a) ’
Show that, despite the fact that & is not stable nor polystable, the Higgs bundle
(&, ) is indeed stable.

Exercise 40 (Spin structures, and some more examples). A spin structure or
theta-characteristic on X is a holomorphic line bundle & on X such
that % = Q).

Show that the set of spin structures on X up to equivalence is a torsor under
the cohomology group H'(X,Z,). Therefore, there are exactly 2% equivalent spin
structures on a genus g surface. Why do you think these are called spin structures?

Fix a spin structure & on X and consider the holomorphic vector bundle
E=Los".
For any a, € H(X, (Q}()m), we can equip & with the Higgs field

_0612
=1 o)
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In particular, note that det& = Oy and that tr(p) = 0. This is what is called an
SL,-Higgs bundle.

Exercise 41 (Uniformization a la Hitchin). The Hitchin-Simpson theorem is so
strong that it implies the uniformization theorem. Let us explore this in detail.
We start by fixing a Riemannian metric g = u(z, 7)dzdz compatible with the complex
structure of X (that is, compatible with the conformal structure). The Levi-Civita
connection associated to this metric can be regarded as a U(1)-connection on the
line bundle Q;(. The curvature Fy of the metric g is the curvature of the induced
U(1)-connection on the tangent bundle (Q}()®‘1.

Let us now fix a spin structure & on X with the induced U(1)-connection. In
turn we obtain a connection (reducible to U(1)) on the vector bundle & = Lol
with curvature

Consider the Higgs field
(00
=1 o)
We already know that this Higgs bundle (&, ¢) is stable (it is a particular case of
Exercise 39). The moment map equation then becomes

1
—sF) 0 1 O _
2 _
( 0 %Fo) = (O _1) udzdz.

Therefore, we obtain the equation
FO = —2g.
Verify that this means precisely that g has constant curvature equal to —4. Conclude

from here the uniformization theorem.

4.4. The Hitchin moduli space.

Recap: the non-abelian Hodge correspondence.

Let us pause for a second to summarize the main statements of what we have done
so far. Let E be a smooth vector bundle on X of rank r and degree d.

1. If (&,¢) is a polystable Higgs bundle on X, with underlying smooth vector
bundle E, by the Hitchin—Simpson theorem we can find a HEH metric H on
it, and obtain a flat connection

D=6§+3g+gﬂ—¢ﬂ.
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In turn, the operators dy = dg +¢™ and D = ﬁg +¢ determine a holomorphic
vector bundle with meromorphic connection (7°, D). This defines a map

Dol dR
Mr,d - Mr,d

(&, ¢) — (7. D).

2. Conversely, if (77, D) is a polystable holomorphic vector bundle with mero-
morphic connection, with underlying smooth vector bundle E, by the Corlette—
Donaldson theorem we can find a harmonic metric H on it, and obtain a
Higgs bundle (&, ¢) by putting dg = (07 +D™#) and ¢ = 1(D - 5;). This
determines a map

dR Dol
Mg — My

(7',D) — (&,¢).

The above determines a bijection, and in fact a real analytic isomorphism between
(the analytifications of) the Dolbeault moduli space M]r?:;l and the de Rham moduli
space M‘rﬂ;. We are using M, 4 to denote the underlying real space to any of these
two comﬁlex spaces. What we have found is two different complex structures Ipo
and Ijr on M, 4 which are not isomorphic.

Exercise 42 (Abelian Hodge theory). We emphasized the fact that the de Rham
and Dolbeault moduli spaces are not isomorphic as complex spaces. Let us see that
this is the case even in the simplest situation: r = 1 and d = 0. Since GL;(C) = C*
is an abelian group, the Betti moduli space MIE o is just the representation variety

M = Hom(m (X, x0), C") = (C")*.
On the other hand, since every line bundle is stable, we just have
Mlﬁgl = T" Jac(X) = Jac(X) x H"0(X) = Jac(X) x C8.

Write an explicit diffeomorphism between Mﬁo and M?,gl. Are these two mani-
folds complezx-analytically isomorphic? Hint: For the diffeomorphism, recall that
Jac(X) is an abelian variety of dimension g, and thus isomorphic to C8/A, for
some lattice A.

Remark 4.15. We can also consider the Abelian de Rham moduli space, M‘li%,
which is a non-trivial affine bundle over Jac(X), and it is complex-analytically
isomorphic to (C*)*. We can show that this isomorphism is not algebraic by
comparing the mized Hodge polynomials of both spaces (see [36, Section 2.2] for
the definition of the mixed Hodge polynomial). Indeed, one can easily check that

H(x,y, t; MTS) = H(x, y, 6 MDY = (1 + x0)¥(1 + yr)s,
and

H(x,y,t; Mﬁo) = (1 + xyn*.
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Hyperkdhler manifolds and hyperkdhler quotients.

The fact that we have found two different complex structures on M, is hint-
ing towards a more general setting in which this space should be studied, and
from which the different complex structures will arise. This is the setting of
hyperkahler geometry.

Definition 4.16. A hyperkdhler manifold is a tuple (M, g, I, I, I3), formed by a
smooth manifold M, a Riemannian metric g, and three complex structures I, I,
and I3 such that

1. the metric g is Kihler with respect to the three structures I;, I, and I3 (that
is, the 2-forms w; defined as g = w;(—, I;—) are closed),

2. the complex structures satisfy the quaternionic relation I, = I5.

Exercise 43. The 4-dimensional Euclidean space can be naturally endowed with a
hyperkahler structure, by regarding it as the space of quaternions

H= {q = Xo + X1 + xpf + x3k 1 (x0, X1, X2, X3) €R4}.

The metric g is the Euclidean metric, which in this terms is the quaternion
inner product

(9.9") = 97" = xox{, + x1X] + X2X) + x35.
The complex structures I, I, and I3 are given by multiplication by i, j and k,
respectively. Compute the corresponding symplectic forms wy, wy and ws.

We can also construct hyperkdhler quotients. Let (M, g, 11, I, I3) be a hyper-
kéhler manifold endowed with the action of a Lie group K, which acts by isometries
and preserving the hyperkahler structure. A hyperkdhler moment map for the
K-action is a map

p= (o) M — QR

such that each y; is a moment map for the K-action with respect to w;.

Theorem 4.17. Let (M, g, 11,15, I5) be a hyperkdihler manifold endowed with the ac-
tion of a Lie group K, acting by isometries and preserving the hyperkdhler struc-
ture, and with hyperkihler moment map u : M — ¥ @ R3. Suppose as well that the
action of K on u~'(0) is free and proper. Then, the hyperkédhler quotient

M| K :=p ' (0)/K

s a smooth manifold of dimension dim M —4dim K, and the quotient metric deter-
mines a hyperkdhler structure on it.

The interested reader can consult Neitzke’s notes [60, Theorem 3.49] for a proof.
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The Hitchin equations.

Let E be a smooth complex vector bundle on X, with rank r and degree d, and
let H be a Hermitian metric on E. Let (V,®) be a pair formed by a H-unitary
connection V on E and a ugyE-valued 1-form ® € Q' (X, uyE).

Definition 4.18. The Hitchin equations for such a pair (V,®) are the equations

Fy+OAND=qag
VO=Vx+D=0.

The metric H identifies the space of pairs (V, ®) with the space Ag of connec-
tions on E. Moreover, it determines a hyperkéhler structure on Ag. For a pair
(A1,P), (A, P,) of elements of Q'(X, uyE)® Q' (X, iuyE), the Riemannian metric g
is defined as

8((A1, V1), (A2, ¥2)) = - f tr(Ay A Ay + W) A x'P).
X
The complex structures are given by
Il (A’ \P) = IDOI(A’ \P) = (*A’ —k \P)’
L(A,Y) = Iir(A, ) = (-1, A),
LAY) = (=¥, - *A).
One can easily check that the corresponding symplectic structures are then given
by
w1 (A1, 1), (A2, ¥2)) = [ tr(=A1 A Ay + W1 A W),
(A1, W), (A2, W) = [ (W1 A %Ay — Ap A %),
w3((A1, W), (A, ¥2)) = [ (W1 A Ay + Ap AY).

Exercise 44. Recall that the unitary gauge group Ge y acts on Ag by gauge trans-
formations. Show that the map

W Ag = Apy © QX uyE) — Q2(X,uyE) ® R?
D=V+i®r (Fy+®A®D, -V« ® VD)

is a hyperkdhler moment map for the Gg u-action, with respect to the hyperkdhler
structure (g, I, I, I3).

Definition 4.19. The Hitchin moduli space is the hyperkahler space

Mg, 8,11, b, 1) := 1 (0) )| G,

which classifies solutions to the Hitchin equations up to unitary gauge.
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We can now restate the non-abelian Hodge correspondence in the following way.

Theorem 4.20 (Corlette, Donaldson, Hitchin, Simpson). We have the following
equivalences.

o The Hitchin moduli space M,q equipped with the complex structure I is

complez-analytically isomorphic to (the analytification of ) the Dolbeault mod-
uli  space ME;', classifying polystable Higgs bundles of rank r and
degree d on X.

o The Hitchin moduli space M,q equipped with the complex structure I, is

complezx-analytically isomorphic to (the analytification of ) the de Rham mod-
uli space Mf’};, classifying polystable holomorphic bundles with meromorphic
connection of rank r and degree d on X. In turn, by the Riemann—Hilbert cor-
respondence, it is complez-analytically isomorphic to (the analytification of)
the Betti moduli space Mf o Which is a twisted character variety classifying
certain semisimple representations of the fundamental group m (X \ {x1}, x0).

In particular, all these different complex spaces have the same underlying real
space M, 4.

The twistor family.

Exercise 45. A hyperkihler manifold comes with a whole sphere of complex struc-
tures. Indeed, let (M, g, I, I, I3) be a hyperkihler manifold and let u = (uy, us, u3) €
S? be an unit vector in R3. Set

I, = il + upsh + uslz and w, = ujw; + Urws + Uzws.

Show that (M, g, 1) is a Kdahler manifold, with Kdahler form w,. Moreover, show
that, if u is a hyperkihler moment map then, for each u € S%, the map p, = - u :
M — ¥ is a moment map for w,.

We observe that, if (M, g, I, I, I3) is a hyperkdhler manifold, then we can con-
sider the holomorphic 2-form Q; = w, + iwsz € Q>°(M, I}), which endows (M, I;)
with the structure of a holomorphic symplectic manifold. More generally,
we can do the same for any u € S?. Indeed, we consider the vector space
V = span(wy, wy, w3) € Q*(M,C) and, for every u € S2, consider the line

L, = Vo>, 1),

which is generated by some 2-form , which is holomorphic with respect to I,.
This determines a line bundle L — §2, called the twistor family of holomorphic
symplectic forms on (M, g, I, I, I;). Moreover, it can be shown [60, Lemma 3.18]
that the dependence on u is holomorphic. More precisely, this means that, if we
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equip S? with its standard complex structure, then L determines a holomorphic
line bundle over P!, which is canonically isomorphic to Opi(-2).

We can also construct the twistor space. This is the manifold
Z=MxS?,
equipped with the almost complex structure
I(—u)=1,®Ip.
This complex structure is in fact integrable, so Z is a complex manifold. It has
the following properties:
1. The projection pr, : Z — P! is holomorphic.

2. It carries a twisted fibrewise holomorphic symplectic form Q € Qé’gre(Z) ®
pri0pi (2), where QX0 = AX(TL2 7).

fibre vert

3. It carries a real structure o : Z — Z covering the real structure on P! given
by z+ z~! and such that o*Q = Q.

Definition 4.21. The Hodge moduli space Mfgd of rank r and degree d associated
with X is the twistor space of the Hitchin moduli space (M,4, g, 11, I2, I3).

This twistor space M?{‘;d is a complex space with a holomorphic fibration

Mfgd — P!. The fibre over z = 0 is the Dolbeault moduli space (M,q,g,1)),
while the fibre over z = 1 is the de Rham moduli space (M,4, g, I>). The existence
of the real structure on twistor space implies that the fibre over z = oo is the
Dolbeault moduli space with its “opposite” complex structure (M, 4, g, ).

A natural question then is what the complex structure I3 and all the other
complex structures correspond to. That is, given a general A € P!, we want to
know what kind of objects does the fibre of 1 in Mfgd parametrize. The answer is
in A-connections.

Definition 4.22. Let 77 be a holomorphic vector bundle. A holomorphic A-
connection DY on 7 is a C-linear morphism of sheaves

DV 7 — 7V @0y
satisfying the A-twisted holomorphic Leibniz rule
DW(fs) = fDVs+ A0xf ® s,

for any local sections f € Ox(U) and s € 7'(U).
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Note that, for 4 = 1, a A-connection is just a connection, and for 4 = 0, it
determines a Higgs bundle. Moreover, for any A € C*, if DWW is a A-connection,
then the operator

D=1"'pW

is a connection. The definition generalizes automatically to meromorphic
A-connections, which allows us to consider underlying bundles E with deg E # 0.
The algebraic and symplectic constructions of the moduli space of holomorphic vec-
tor bundles with A-connection is completely parallel to the cases we
already studied.

Exercise 46. Show that, for A € P!, the fibre over A of the Hodge moduli space
is complez-analytically isomorphic to (the analytification of ) the moduli space of
holomorphic vector bundles with A-connection.

We remark that, in fact, the map D@ — D, for 1 € C*, determines an isomor-
phism between the moduli space of holomorphic vector bundles with A-connection
and the de Rham moduli space. However, this map is not defined for 4 = 0. In-
deed, over 1 = 0 we get the moduli space of Higgs bundles, which has a different,
non-isomorphic, complex structure.

Moduli of (twisted) SL,-Higgs bundles and PGL,-Higgs bundles.

Recall that we defined the Betti moduli space ME , as the twisted character variety
(\’h"éL parametrizing classes of linear representations of the fundamental group
IT=m (X \ {x1}, x0) sending the class z of a loop around x| contractible in X to the
conjugacy class c; of the matrix e >@/"I,. In a similar way as we did for vector
bundles in Section 3.8, we can also consider SL, and PGL, versions of ME ;- The
d-twisted SL,-Betti moduli space is the twisted character variety

ME, = MB(SL,) := Xiis

parametrizing classes of homomorphisms I — SL,(C) mapping z to ¢4 (regarded
as a class in SL,(C)). In particular, the complex dimension of ME s

dime ME, =207 - 1)(g - 1).

The PGL,-character variety
X parL, = Hom(I1, PGL,(C)) / PGL,(C)

has r connected components (by the same argument as for the PU(r)-character

variety). We label these components as X(r)] PGL',...,X’H" Fl’GL,.’ and, for each d =

0,...,r—1, define the d-twisted PGL,-Betti’ moduli space as

M2, = ME(PGL,) 1= X b -
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Note that
M2, = M2 (2.

From the Dolbeault side, the situation is very similar to the case of vector
bundles. For any integer d, we fix a degree d holomorphic line bundle ¢ and
consider the map

MPS — T* Pic!(X) = Pic’(X) x H'(X, Q)
(&, ) > (det &, tr o).

We define the d-twisted SL,(C)-Dolbeault moduli space /\V/(E;’l = M?OI(SLr) or
moduli space of semistable holomorphic d-twisted SL,(C)-Higgs bundles
as the preimage of (¢, 0) by the above map. Note that the finite group I, = Jac(X)[r]
acts by tensorization on ME;’I and on Pic?(X), and in turn on T*Pic?(X). The

moduli space M?gl can then be recovered from M?sl as
MR = (MRS x T* Pic!(X))/T,.

The d-twisted PGL,(C)-Dolbeault moduli space is by definition the quotient
M= MEN(PGL,) := MPST,.

Non-abelian Hodge theory provides real-analytic isomorphisms

B Dol B “~yDol
MB, = M2 and MB, =, MIDS.

Ty

Remark 4.23. As in the case of vector bundles, we remark that, when r and d are
coprime, the subspace M’ , C M, of stable Higgs bundles (or, equivalently, of

irreducible connections) is smooth, but M’ , is not, it is an orbifold, as it arises as

a quotient of /\V/(j 4 by the finite group T'..

Remark 4.24. If G is a complex reductive group, with Lie algebra g, by a G-Higgs
bundle we mean a pair (%, ¢) formed by a holomorphic principal G-bundle &
and a holomorphic section ¢ € H (X, Ad(P) ® Q}(). Here, Ad(P) = P x¢4d g de-
notes the adjoint vector bundle, that is, the bundle of Lie algebras associated
to &P and the adjoint action of G on g. These G-Higgs bundles already appear
in one of Hitchin’s the fundational papers of the theory [44]. One can consider
(semi)stability conditions and construct a moduli space of G-Higgs bundles M(G).
Non-abelian Hodge theory can be extended to this setting, and it real-analytically
identifies the moduli space M(G) with the character variety Xx,(xx,)c of represen-
tations of the fundamental group in G. This was originally observed by Simpson
[67], who gave an argument using Tannakian categories. Explicit stability condi-
tions and an explicit proof of the analogue of the Hitchin—Simpson theorem for
G-Higgs bundles can be found in [23].
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5. THE HITCHIN SYSTEM

5.1. Integrable systems.

Let (M, w) be a finite-dimensional symplectic manifold and consider some functions

fireiosfn o M — R. Associated with these functions we have the corresponding
Hamiltonian vector fields v/, ... v/ € Q°(M, T M), defined by the property
dfi =i,w.

The Lie bracket of vector fields induces the structure of a Lie algebra in the
space QY(M,TM), and the vectors v/i,..., v/ generate a Lie subalgebra b of it.
The functions f; define a map

u:M—p*
n
m— > fiww;,
i=1
where {vq,...,v,} C b* is the dual basis of {vf‘, e ,vf"}. If these vectors integrate

to determine the action of a Lie group H on M, with Lie H = ), then the map u
defined above is a moment map for this action.

A special case of this situation is when n = %dimM and the vector fields
v/ pairwise commute, so the Lie algebra b they generate is actually abelian.
If the map u is proper, then its regular fibres are n-dimensional tori. More-
over, these tori are Lagrangian (i.e. the symplectic form w vanishes on them),
and in tubular neighbourhoods of these tori one can find the so-called action-
angle coordinates, on which the flows of the vector fields v/ are linear. In
that case, we say that the functions fi,..., f, : M — R determine a completely
integrable system.

The same notion can be generalized to the realm of complex algebraic geometry.
In this case we fix a smooth quasi-projective variety M over C, equipped with a
holomorphic symplectic form Q € Q>%(M). For such a space, an integral subvariety
N C M is said to be Lagrangian if for a generic point n € N, the symplectic form
Q vanishes at T,N Cc T,M. An algebraically completely integrable system
is then a proper flat morphism f : M — B, where B is an affine space over C,
such that, over the complement B\ A of some proper closed subvariety A C B,
it is a Lagrangian fibration whose fibres are isomorphic to abelian varieties. The
algebraic counterpart of action-angle coordinates is given by a polarization on
the fibres, which allows to explictly solve the equations of movement in terms of
theta-functions.

5.2. The Hitchin map.

Let M= ME:Z)I = (M, 4,11, w1) be the Dolbeault moduli space parametrizing Higgs
bundles on X of rank r and degree d. This moduli space is a quasi-projective variety,
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and it admits the holomorphic symplectic form Q = Q| = w; + iws. Hitchin [44]
found an algebraically completely integrable system on the algebraic symplectic
manifold (M, Q).

The Hitchin map is defined by considering the “characteristic polynomial” of a
Higgs bundle. What we mean by this is that, if (&, ¢) is a Higgs bundle of rank r,
then we can, at least formally, consider the polynomial

det(t — @) =t + by(@) ' + - + b,_1 ()t + by ().

The coefficient b;(¢) is naturally a section of the line bundle (Q)I()@’i. Thus, we
define the Hitchin base as the vector space

B = B,y = (D HX. (@),
i=1

The Hitchin map is then defined as

fiM—8
(&,¢) — (bi(@), ..., b ().

Theorem 5.1 (Hitchin). The map f : M — B determines an algebraically integrable
system on the space (M, Q).

Exercise 47. Compute the dimension of 8. Note that it is indeed half the dimension
of M. Hint: Use Riemann—Roch.

The Hitchin map can also be defined in terms of the moduli stack Higgs, ,
sending any test C-scheme S to the groupoid of families of Higgs bundles of rank
r and degree d parametrized by §, with equivalence. In particular it restricts of
the substack Higgs; , of stable Higgs bundles. The image is still the space 8, and
we write

S : Higgs,, — 8.

5.3. The spectral correspondence.

An explicit description of the fibres of f : M — 8 can be provided in terms of
“spectral data”. This should be thought of as a “global” analogue of diagonalizing
a matrix.

Exercise 48. Let E be a complex vector space and ¢ € End E an endomorphism of
it. Show that ¢ endows E with the structure of a C[t]-module. If we regard this
Clf]-module as a sheaf over A', what is the support of this sheaf?
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Let (&,¢) be a Higgs bundle. We can rewrite the map ¢ : & > E® Q) as a
map (Q;Y1 — End &, which naturally endows & with the structure of a module
over the sheaf (Q}()‘l, and naturally over its symmetric algebra Sym*(Q;()‘l. The
relative spectrum of this algebra is the total space p : T*X — X of the holomorphic
cotangent bundle of X. Note that this space comes equipped with a tautological
section 7 € QNT*X, p*Q)).

This way, Higgs bundle determines a Or-y-module, &. This sheaf is supported
on a dimension 1 subspace Y, C T"X, called the spectral curve of (€,¢). The
natural projection p : T"X — X restricts to a finite flat morphism 7 : ¥, — X.
Generically, one should think about Y, as parametrizing the eigenvalues of ¢ over
X. When restricted to Y, the sheaf % determines a coherent sheaf & — Y, of
generic rank 1, and the Higgs bundle (&, ¢) is recovered as

&, ¢) = (.2, (1ly,)).

Since & = n.Z is by assumption locally free, and the map x is flat, the sheaf &
must be torsion-free. In particular, if Y, is smooth, then Z is a line bundle.

The Cayley—Hamilton theorem implies that the curve Y, in fact only depends
on the “characteristic polynomial” of ¢, that is, it only depends on its image b =
(b1,...,by) = f(&,¢) by the Hitchin map. More precisely, the spectral curve Y, = Y,
is the zero-locus of the section

op=1 +p' bt + -+ pbiT+ p'b, € H(T'X, p*ﬂ}().

We have found an equivalence of categories between

e Higgs bundles (&, ¢) with f(&,¢) = b,
e torsion-free sheaves of generic rank 1 on Y.
Exercise 49. Show that, if Y} is irreducible, then, for any torsion free sheaf & on

Y, of generic rank 1, the corresponding Higgs bundle (&, ) is stable. Hint: What
would happen if there was a g-invariant holomorphic subbundle & c &7

Moreover, if Yj, is smooth, then isomorphism classes of Higgs bundles (&, ¢)
with f(&,¢) = b are in bijection with the Picard group Pic(Y,). Note that Pic(Y})
has many components, labelled by the degree of the line bundle. However, by the
Grothendieck—Riemann—Roch formula

degrm.Z =deg Z + (1 — g(¥p)) — r(1 - g),

where g(Y}) is the genus of Y,, prescribing the degree of & = n.% also fixes the
degree of . We denote this degree by § = deg &. We have found an isomorphism

F71b) = Pic’ (V).
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Exercise 50. We can explicitly compute the genus of Y}, in several steps.

1. Show that the ramification divisor R C Y, is the zero locus of a section of
p*(ﬂ;()‘g”(r’l) and thus

deg R = deg((Q)®" V) = 2r(r — 1)(g - 1).
2. Use the Riemann—Hurwitz formula to compute the genus of Yp.

You should get g(¥) = r*(g — 1) + 1. Did you expect this number?

Exercise 51. Prove that, when g > 2, for a generic element b € B, the spectral
curve Y, is smooth. Hint: Use Bertini’s theorem and the fact that (Q}()‘@’ is
base-point free.

Thus, we conclude that the subset of elements b € B such that Y}, is smooth is
Zariski open. We denote this subset by 8° c 8. We have shown that the Hitchin
fibres f~!(b) with b € B8° are canonically isomorphic to the abelian varieties Pic’(Y},).
Another way to interpret this result is that the Hitchin fibres f~!(bh) are torsors
under the action of the Jacobian P, := Jac(Y,) by tensorization. We can put all
these together to define a family of abelian varieties P — $B°, and conclude that
the restriction f : M|ge — B° has the structure of a P-torsor.

The spectral correspondence, being an equivalence of categories, not only pro-
vides a description of the fibres of f: M — 8B but also of the fibres of the stacky
map f : Higgs,, — B. First, we observe that since smooth spectral curves are
in particular irreducible, over B°, the map f coincides with its restriction to the
stable locus Higgs; ;. The fibre over a point b € 8° is the Picard stack

11 ~ Piad
f~ (b) = Pic), .
In particular, this implies that the stacky fibre f~'(b) is a torsor under the stack
P, := Pic), = Jac(¥,) x BC".

Again, we can see this as a family £ — $°, and conclude that the restriction
S - Higgs, ;lg- — B° has the structure of a P-torsor.

Remark 5.2. The stack £ — B° can be also understood as a moduli stack of J-
torsors, where J — $° is some group scheme (namely, it is the multiplicative group
on each spectral curve). This endows the Hitchin fibration with the structure of
a J-gerbe and thus in the literature it is not uncommon to find statements of
the sort “the Hitchin fibration is a gerbe” or "Higgs is a gerbe”. It is important
to distiguish this gerby structure of the Hitchin map from the fact that the map
Higgs, ; — M’ is naturally a C*-gerbe. Thus we warn the readers to beware of the
appearance of the word “gerbe” in different places in the literature, as these could
refer to different gerbes.
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Remark 5.3. It is also important to remark that this Pic-action in fact extends
beyond B°. Indeed, since for every b € B the spectral cover n : ¥, — X is flat,
if (&, ¢) is a Higgs bundle induced from a coherent sheaf £ on Y, then, for every
locally free sheaf .4 of degree 0 on Y, the tensor product & ® .4 induces another
Higgs bundle on X of the same rank and degree.

5.4. The Hitchin map for G-Higgs bundles. SL, vs PGL,.

In his paper [44], Hitchin already defined his celebrated fibration for G-Higgs bun-
dles, where G is an arbitrary complex reductive group with Lie algebra g. The
Hitchin map is ultimately modelled in Chevalley’s restriction map. This is the
map of affine schemes

a—>ga/G,

induced by the inclusion C[g]” < C[g], where G acts on g through the adjoint
action. Chevalley’s restriction theorem asserts that the invariant ring C[g]¢
is in fact a polynomial ring, isomorphic to the invariant ring C[t]", where t C g is
the Lie algebra of a maximal torus T ¢ G and W = Ng(T)/T is the corresponding
Weyl group. Let us pick generators by,...,b,, where r is the rank of G, of the
invariant ring C[t]", and let us write d; = degb;. The Hitchin base for G-Higgs
bundles is then defined as

]G

BG) = (P HX, (@)%,
i=1

Note that the vector bundle ®!_, (Qg()@df = Fr(Q;() x% (g /G) is the associated vector
bundle to the frame bundle of Q)'( and the C*-action on g / G induced from the
homothecy C*-action on g. The Hitchin map for G-Higgs bundles is the map

M(G) — B(G)
(P, 0) = (bi(9), ..., br()).

In the case of g = gl,(C), the Lie algebra t is the affine space C" and the Weyl
group W = S, is the symmetric group. The invariant polynomials are then the
elementary symmetric polynomials, which precisely describe the coefficients of the
characteristic polynomial of a square r X r matrix. For

g=sl(C)={Aegl(C):trA =0},
which is the Lie algebra of both SL,(C) and PGL,(C), the Lie algebra
t={t,....t0) €EC 1 +---+1t =0}

is isomorphic to C™~! and the Weyl group W = &,_; is the symmetric group acting
by permutation on the coordinates of C"~'. The invariant polynomials are the
elementary symmetric polynomials in r variables except for

bi(ty,....t) =t +---+1,
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which vanishes automatically on t. Therefore, we identify the Hitchin base for
SL,(C)-Higgs bundles (and for PGL,(C)-Higgs bundles) as

B := B(SL,(C)) = B(PGL,(C)) = EB H(X, (Q)®) c 8.
i=2

Using this framework, we can define the Hitchin map for the d-twisted SL,(C)-
Dolbeault moduli space as

(&, ) > (b2(9); ..., by(9)).

This map is clearly I',-equivariant, for I', = Jac(X)[r] acting on MPol by tensoriza-
tion, so it descends to a map

£ . AyDol
7 M — 8,

Consider an element b € By (and in turn of B). Associated to it we have a
spectral cover 7 : ¥, = X. We assume that Y} is smooth, and thus that the Hitchin
fibre £~1(b) is identified with the abelian variety Pic’(Y,). The fibre f‘l(b) is then
the subspace of Pic’(Y;) formed by isomorphism classes of holomorphic line bundles
Z on Pic’(Y,) that admit a trivialization

Ox — detn, .

The fibre f‘l(b) is simply the quotient f‘l(b)/l"r. In terms of spectral data, an
element . of the group I acts on f'(b) as & — L ® n* M, since we have a
natural isomorphism

(L M) > 1. L QM.

We have the following duality result, that we prove in the next section.

Theorem 5.4 (Hausel-Thaddeus [40]). If b € By is an element such that the
spectral curve Y, is smooth, then the Hitchin fibres f-'(b) and f~'(b) are dual
abelian varieties.

5.5. Norm maps and Prym varieties.

Exercise 52. Let 7 : Y — X be a ramified cover of compact Riemann surfaces.
Associated with 7, we have the Norm map

Nm,, : Pic(Y) — Pic(X)
Oy (Y niy) = Ox (Y nix(y).
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Note that it preserves the degree. Show that, for any holomorphic line bundle
< — Y, we have the formula

detr, & = detn,Oy ® Nm,; Z.
In particular, note that
Nm, "% = &',

where r = degn, since 71.(7" %) = & @ n.0y,.

Definition 5.5. The Prym variety associated with a ramified cover 7 : ¥ — X of
compact Riemann surface is the neutral connected component of the kernel of the
norm map

P(r: Y — X) = (ker Nm,)".

Exercise 53. Recall that the Jacobian of a compact Riemann surface is naturally
self-dual. Show that, under this self-duality, the dual of the norm map Nm, :
Jac(Y) — Jac(X) is the pull-back n* : Jac(X) — Jac(Y). Hint: Consider the Abel-
Jacobi map

Aly : X — Picl(X)

x — Ox(x),

and similarly Aly : ¥ — Pic!(Y), show that the following diagram commutes

Yy 2 picl(y)

[

Aly

X —% pPicl(Xx)
and apply the functor Jac(-) to the diagram.

Exercise 54. Let a : Ay —» A, be a homomorphism of abelian varieties and let
a: A, - A; be the dual map. Show that if a is injective, then @ has connected
fibres. More generally, suppose that K = kera is a finite group. Show that the group
of connected components of kera is equal to the character group K = Hom(K, C*).
Hint: Consider the isogeny A; — A;/K.

Exercise 55. Show that if g >2 and w: Y, — X is a spectral cover associated with
b € By and such that Y, is smooth, then the map n* : Jac(X) — Jac(Y}) is injective.
Conclude that

P, = P(n:Y, - X) = kerNm,.

Moreover, conclude that the dual of the Prym variety Py, is the variety

Pb:Pb/ﬂ'*rr,
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where T, = Jac(X)[r] is the group of r-torsion points of Jac(X), for r = degn.

Hint: For the first statement, let & be a nontrivial bundle with 7*%Z trivial.
Then n,(n*Z) = 1,.0y,. But we also have n.(1"Z) = & ® n.0y,. Use that

1.(0y,) = Ox & (@) & (@7 &+ & ()",

to conclude that either & is trivial or deg Q) = 0, reaching a contradiction. For the
second statement, dualize the map Nm, : Jac(Y;) — Jac(X) to find that the dual of
P, is the abelian variety P, = Jac(Y,)/n* Jac(X). Construct a polarization p: P, >
P), by composing the inclusion P, < Jac(Y,) with the projection Jac(Y;) — P, and
show that p(P,) C P, so we can write

P, = P,/P, 07" Jac(X) = Pp,/n°T,.

The duality theorem of Hausel-Thaddeus, Theorem 5.4, now follows from
the following.

Proposition 5.6. Let 7 : Y, — X be a spectral cover associated with b € By and such
that Y}, is smooth. There is a natural isomorphism

Py — 7).
In turn, there is a natural isomorphism
Py — f7(b).
Proof. Consider a holomorphic line bundle & — Y,. We observe that the line
bundle detn,.Z is trivial if and only if Nm, £ is isomorphic to
det 7,0y = (QL)®"" D2 = Nm, (z*(QL)®"1D/2),

Therefore, if we denote J = ﬂ*(ﬂ;()®("_])/ 2 we conclude that & ® ' must lie in
the Prym variety P,. The map

Py — ()
L LM,

gives the desired isomorphism. O

In terms of torsors, what we have proven is that the fibres f‘l(b) and f‘l(b)
are torsors under the dual abelian varieties P, and P,. Globally, we can consider
the open subset 87 C 8B of elements b with ¥} smooth, and consider dual families

of abelian varieties P — B and P B;. The Hitchin fibrations 1 M- B and
f M- B; are torsors under P and P, respectively.
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As in the GL, case, we can also consider a version f : Higgs,(SL,) — B; whose
fibres are torsors under some stacky versions of the Prym variety. More precisely,
note that the norm map can be naturally extended to the Picard stacks, to yield
a map

Nm, : Picy, — Picy.

At the level of automorphism groups, this map determines the map C* — C*,
z > 7' The corresponding Prym stack is then the neutral connected component
of the kernel of this map

P, = P(n: Yy > X) = (ker Nm,,)".

The points of P, coincide with the points of Py, but the automorphism groups are
naturally isomorphic to the group of roots of unity u,. That is,

¢/, = PbXB/,lr.

This determines a family £ — 8, and the Hitchin fibration f : Higgs,(SL,) — B},
has the structure of a P-torsor. On the other hand, since PGL,(C) has no center,
the stack Higgs)(PGL,) of stable PGL,(C)-Higgs bundles is just the moduli space
M and thus the restriction f Higgs;(PGL,) — B is just the map fiM— B;.

The duality of abelian varieties can be extended to determine a duality for
stacks of this form, by defining the dual stack of P, as

#, := Hom(P, x By,, BC*) = P, x Z,.

Note that under this notion of duality, the group of automorphisms is exchanged
with the group of connected components and vice-versa. Therefore, the dual of a
stacky fibre f~!(b) is the whole fibre of b through the map f : Higgs’(PGL,) — B,
without fixing d, not just one connected component.

Hausel and Thaddeus [40] give an interpretation of this. They consider the
trivial u,-gerbe B = #, — P, and show that, for each e coprime with r, the duality
explained above identifies the component Pz with the set of trivializations of the
gerbe % over Pj,. More generally, we have the following,.

Theorem 5.7 (Gerby duality of Hausel-Thaddeus). Let d and e be two numbers
coprime with r and consider the moduli spaces My(SL,) and M.(PGL,) which are
endowed with u,-gerbes

£ : Higgs,(SL,) —» Mu(SL,)

and
j : Higgs,(SL,)/T, » M.(PGL,).

Consider the Hitchin fibrations fy : My(SL,) = By and f, : M.(PGL,) — B,. For
any b € B we have the following equivalences:
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o The fibre fe’l(b) is identified with the set of trivializations of the gerbe %
over the fibre fd’l(b).

o The fibre f:l‘l(b) is identified with the set of trivializations of the gerbe B¢
over the fibre fe’l(b).

5.6. Mirror symmetry.

Calabi—Yau manifolds.

A Calabi—Yau manifold (M, w,v) is a Kéhler manifold (M, w) equipped with
a trivialization of its canonical line bundle €}, (i.e. a holomorphic n-form v €
Q"O(M)), where n is the complex dimension of M. Mirror symmetry is a general
theoretical framework, motivated from Physics, which predicts the existence of
a “mirror partner” M to a Calabi-Yau manifold M. This is another Calabi-Yau
manifold with exchanged deformation spaces of the complex and Kéhler structures.
An important part of this framework are two auxiliary “B-fields” B on M and B
on M, which Hitchin [45] interprets as U(1) gerbes on M and M, respectively.
More precisely, the mirror partner M of a Calabi-Yau manifold is not necessarily
a manifold, but rather could be a Calabi-Yau orbifold. For our purposes, this
shall be simply a quotient stack [M/I'], where M is a Calabi-Yau manifold and T’
is a finite group acting on M by biholomorphisms.

SYZ mirror symmetry.

Strominger, Yau and Zaslow [70] proposed a setting for the construction of mirror
partners. A submanifold L of a Calabi—Yau manifold (M, w,v) is special La-
grangian if vy = 0 and Im v|, = 0. Two Calabi—Yau orbifolds of complex di-
mension n equipped with B-fields (M, B) and (M, B) are SYZ mirror partners if
there exists an orbifold A of real dimension n and smooth surjections f: M — A
and f: M — A such that, for every a € A which is a regular value of f and f, the
fibres L, = f~'(a) and L, = f‘l(a) special Lagrangian tori which are dual in the
sense that there are the following equivalences, depending smoothly on a:

e The fibre L, is identified with the set of trivializations of the gerbe B over
the fibre 1.

e The fibre L, is identified with the set of trivializations of the gerbe B over
the fibre L.

Hyperkéhler manifolds are a particularly special case of Calabi—Yau manifolds.
Indeed, recall that if (M, g, I}, I, I5) is a hyperkédhler manifold of real dimension 4n
with Kahler forms w;, w; and w;3, then it is holomorphic symplectic with respect
to each of the I; by taking Q; = w; + iw, and in particular it is Calabi-Yau by
putting v; = Qf € QoM. I).
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Exercise 56. Let (M, g, I, I, I3) be a hyperkahler manifold. Show that if a subman-
ifold L € M s a complexr Lagrangian submanifold of (M, 1;,€)) then it is a special
Lagrangian submanifold of (M, I, v;).

The result of Hausel-Thaddeus [40] can then be reinterpreted in these terms
as follows.

Theorem 5.8 (SYZ mirror symmetry for Hitchin fibrations). Let d and e be two
numbers coprime with r. The de Rham moduli space MSR(SL,), equipped with

; dR .
the Calabi-Yau structure vgr = QggnRM" SER ind with the B-field B% and the

de Rham moduli space MIR(PGL,), equipped with the Calabi-Yau structure Vgr =

H dR ~
Qg;{nk MECCLI ond with the B-field p?! are SYZ mirror partners, with respect to

the Hitchin fibrations fy : My(SL,) = By and f, : M.(PGL,) — B,.

E-polynomzals.

Calabi—Yau mirror partners which are compact are expected to satisfy the identity
hPa(M) = h™M-P4( M) between their Hodge numbers. On the other hand, compact
hyperkéhler manifolds satisfy the identity h?9(M) = h4mM=-r4(pf). Therefore, com-
pact mirror partners which are hyperkihler satisfy h?4(M) = h?4(M). Hausel and
Thaddeus were motivated by the conjecture that this equality of Hodge numbers
could in fact hold for the moduli spaces M{®(SL,) and MIX(PGL,). To make their
conjecture precise, we need to consider a certain invariant encoding the information
about the Hodge numbers, the E-polynomial.

If M is a complex algebraic variety with pure Hodge structure, we define its

E-polynomial as
E(M;u,v) = > (=1 R (Myu'v.
ij
More generally, if M is any complex algebraic variety, we can consider the weight
filtration on its compactly-supported cohomology H}(M) induced by its mixed
Hodge structure, and define
E(M;u,v) = Z(—l)"”h"»f(GrW H(M))uP .

Ptq
iJ

For an orbifold equipped with a gerbe, we can also defined an invariant, which is
a slight modification of the usual E-polynomial. Let [M/T"] be an orbifold obtained
as the stacky quotient of a complex algebraic manifold M by a finite group T.
For any element y € I', we denote by M? c M the subspace of fixed points of 7.
Suppose also that B — [M/T'] is a C*-gerbe. Equivalently, B — M is a I'-equivariant
C*-gerbe. Explicitly, this means that there is a character « : ' — C* such that the
associated 2-cocycle b;j satisfies the condition

bijx(y - m) = k(y)b;j(m),
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for every y € I and every m € M. In particular, if we restrict B to the fixed points
M?” of some nontrivial element y € T, then

bijp(m) = bij(y - m) = k(y)b;ju(m),

50 bjj is trivial, and thus it comes from some line bundle Lg, — M?”. This line
bundle is equivariant under the action of the centralizer C, ¢ I'. Moreover, if
the gerbe B was induced from a finite subgroup A ¢ C*, then the line bundle
Lp, is in fact a local system. In that case, we can consider cohomology with
local coefficients on Lg,, and the corresponding E-polynomial E(M”/C,, Lg,;u,v).
Finally, we define the fermionic shift of y € T as F(y) = ), w;, where vy acts on
T M|y with eigenvalues e¥™i w; € [0,1). The stringy E-polynomial of [M/T]
with respect to the gerbe B is then defined as

Eq(M, B;u,v) = )" E(M?/Cy, Ly yu, V)™,
[vlell]

where [y] runs through the set [I'] of conjugacy classes of T'.

Topological mirror symmetry.

For moduli spaces of Higgs bundles, Hausel and Thaddeus conjectured
the following.

Theorem 5.9 (Topological mirror symmetry). Ford and e coprime with r, we have

EOMG*'SLy):u,v) = Eq(M¥ (PGL,), B . v).

Hausel-Thaddeus proved this statement for r = 2 and 3 in their original paper,
and conjectured it for general r. The general proof is due to Groechenig, Wyss
and Ziegler [30], using a method of p-adic integration. A different proof using an
Ngd-style support theorem was provided by Maulik and Shen [54]. We reproduce
the argument for rank 2 in Section 6.8.

The above formula of E-polynomials can be slightly unraveled if we consider the
action of I' = T, on MdDOI(SLr) and thus on its compactly-supported cohomology
H:(M?"'(SL,)). We obtain a decomposition in terms of the group of characters
I' = Hom(T", C*),

H(MP\(SLy) = €D H (MR (SL).
kel

We can thus decompose
EMVSL)suv) = 3 E(MZ(SL)su,v),
kel

where
EMPNSLy)s u,v) = > (=1 1 (Gry,  HA MR SL))) V.

]
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We obtain the equality

D VEMPNSL) uv) = 7 EMPNSLY T, Lo 5t v) ).

kel yel'

Note that, since I' is commutative, we have [y] = y and C, =T for every y € I'.
We remark that there are the same number of terms on each side of the equality.
In fact, there is a canonical way to identify ' = Jac(X)[r] = H'(X, Z,) with T" through
the Weil pairing, which is the canonical pairing

w:H'(X,Z,)x H'(X,Z,) — H*(X,Z,) = Z,

naturally induced by Poincaré duality. This pairing induces a canonical isomor-
phism w : I' > I'. The topological mirror symmetry formula is then unraveled as
the formula

E (MY (SLy)s u,v) = EOMP(SLyY /T, Ligsa  , v) ()™, (5.1)
for each « € ', with y = w(k). Note that the equality is trivially satisfied for x = 0.

5.7. Langlands duality.

The groups SL,(C) and PGL,(C) are examples of Langlands dual groups. Recall
that a complex semisimple group G is determined by a semisimple Lie algebra g
and by its centre Zg and its fundamental group 7;(G), which are finite abelian
groups. The data (g,Zg,n1(G)) can be dualized in the following way. The dual
semisimple Lie algebra g* is the semisimple Lie algebra determined by the dual
root system, for example, the dual of sl.(C) is sl.(C), but the dual of spy,41(C) is
sp,,(C). The Cartier duals of the groups Zs and 71(G) are their sets of characters
7 = Hom(Zg,C*) and #,(G) := Hom(r;(G),C*). Note that these are also finite
groups. For example, the Cartier dual of a cyclic group Z, = Z/rZ is the group of
roots of unity u, € C* (which is of course isomorphic to Z,, since C is algebraically
closed). Therefore, the data (0", #1(G), Zg) determines another semisimple group
G with Zgv = #1(G) and m;(GY) = Zg. This group G" is called the Langlands
dual of G.

The semisimple Lie algebra g is equipped the Killing form, which induces an
isomorphism g / G — g* / G¥. This induces an isomorphism of the Hitchin bases
B(G) — B(GY) and thus we can consider the corresponding Hitchin fibrations
Higgs; — B(G) and Higgs;. — B(G") as mapping over the same space.

Donagi and Gaitsgory [14] proved a generalization of the spectral correspond-
ence for arbitrary reductive groups. More precisely, they showed that there is a
Zariski open subspace B(G)° ¢ B(G) over which Higgs; is a torsor under a stack
P(G) — B(G), which is a family of stacks of the form

P(G) = BZ(G) X Pp(G) x m(G),
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where P,(G) is a certain abelian variety associated with the cameral cover n, :
X, — X obtained as a pullback of the natural quotient map t — t/W. Later,
Donagi and Pantev [13] showed that the varieties P,(G) and P,(G") are dual abelian
varieties, and thus

Hom(P(G), BC") = B#,(G) X P(G) x Z(G)
= BZ(G") x P(GY) x 11 (G") = P(G").

Remark 5.10. We can say a few more words in the case where G is simply con-
nected. In that case, what Donagi and Gaitsgory proved is that P,(G) is the stack
Bun}! (X,) of (strongly) W-equivariant T-bundles on X;, where T C G is a maximal
torus. In this case, it is clear that

Bun] (X)) = (BT x (Jac(X,) ® A) x A)" = BZ(G) x (Jac(X;) ® A",
where A = Hom(C*, T) is the cocharacter lattice of T. The dual of this stack is
P,(G) = Jac(Xy) ® Aw X 11(GY).

The remaining step is proving that P,(G") coincides with (Jac(X,)®A)w. It suffices
to provide an isomorphism of the singular homology groups

Hi(Py(G")) = Hi((Jac(X;) ® Nw) = H' (X, A)wiorsion free-

Donagi and Pantev manage to prove the above by using Poincaré duality and
describing the homology P,(G") in terms of the local system (x) A¥)", where 7
is the restriction of the cameral cover to its unramified locus.

The Fourier—Mukai transform® relates the derived categories of coherent
sheaves on an abelian variety P and on its dual P. All these notions can be
generalized to stacks P as above, and one can obtain an equivalence

FM : D’(Coh(P(G))/B°(G)) —> DP(Coh(P(G))/B°(G")).

A (conjectural) extension of this isomorphism beyond the ¢-locus would yield
an equivalence

Db(Coh(HiggsG /B(G))) — D’ (Coh(Higgsg. /B(G))). (5.2)

Donagi and Pantev [13] interpreted this as a deformation or “classical limit” of the
geometric Langlands program, which roughly predicts an equivalence

D?(DMod(Bung)) — D?(Coh(Conng)), (5.3)

between the derived category of D-modules on Bung and the derived category of
coherent sheaves on the stack of holomorphic GY-connections.

4We refer the reader to Huybrechts book [49] for an introduction to Fourier-Mukai transforms.
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Remark 5.11. It is appropriate to mention that the geometric Langlands conjecture
might no longer be a conjecture. A proof of (a refined and corrected version of)
the equivalence (5.3) above has been recently made public [2]. The statement (5.2)
in “Dolbeault terms” remains conjectural to this day.

To close this circle of ideas, we also mention that a “physical interpretation”
of the geometric Langlands program was provided by Kapustin and Witten [50].
In particular, they relate the geometric Langlands equivalence with homological
mirror symmetry for the de Rham moduli space MdGR. More precisely, if (M, w,v)
and (M, @, V) are mirror Calabi—Yau partners Kontsevich’s homological mirror
symmetry [52] predicts a derived equivalence

DP(Coh(M)) — Fuk(M, &)

between the derived category of coherent sheaves on M (which is determined by the
holomorphic structure of M) and the Fukaya category of M, a certain category
related to the Lagrangian submanifolds on (M, ®), and thus determined by the
symplectic structure of (M, ®). One could roughly interpret the results of Donagi-
Pantev as the fact that MI®R(G) and MI®R(G") are SYZ mirror partners (again, very
roughly, since these might not be orbifolds). Homological mirror symmetry would
then predict an equivalence

D’(Coh(M(G"), I4r)) = Fuk(M(G), war).

Kapustin and Witten gave a physical argument to interpret the Fukaya category
Fuk(M(G), wqgr) as the category of D-modules on Bung, recovering in this way the
geometric Langlands equivalence. More generally, Kapustin and Witten proposed
some form of “hyperkéhler enhanced” mirror symmetry, which takes into account
the whole hyperkéhler structure of M(G). Finding and relating submanifolds of
M(G) which enter this hyperkéhler enhanced mirror framework —for example “BAA
branes”, which are supported on holomorphic Lagrangian submanifolds of MP°/(G),
or “BBB branes”, supported on hyperkéhler submanifolds— remains a very active
topic of research to this day. For more details, we refer the reader to [37].

6. GLOBAL TOPOLOGY IN LOW RANK

6.1. Poincaré polynomials.

The main upshot of non-abelian Hodge theory is that these three: Betti, de Rham
and Dolbeault moduli spaces have the same underlying topology. Therefore, if
we want to understand some topological properties of the character variety, it
might just be convenient to study Higgs bundles, and vice-versa. We illustrate
this by reviewing some celebrated computations of Betti numbers in the cases of
rank r = 2 and d = 1. Thus, in this section we denote N = N, 1, N = Ni(SL)
and N = N;{(PGL,) for the moduli spaces of vector bundles, and M = Mg‘lﬂ,

Rev.Mate. Teor.Aplic. (ISSN print: 1409-2433; online: 2215-3373) Vol. 33(2): 257-354, Jul — Dec 2026



338 G. GALLEGO

M = MP(SL,) and M = MPI(PGL,) for the corresponding moduli spaces of
Higgs bundles. We also denote I' = I, = Jac(X)[2].

For any graded C-algebra A = @,Ai, we define its Poincaré series, as the
formal sum

P(A) = Z dimc(A))7.

In particular, if M is a smooth manifold, we define its Poincaré polynomial as
the Poincaré series of its C-valued singular cohomology, that is

P(M) := P(H"(M,C)) = )" bit",

where the coefficients b; = b;(M) = dimc H' (M, C) are the Betti numbers of M.

Exercise 57. Prove that the Poincaré polynomial of a circle is
P(SH =@+ 1.
In turn, show that the Poincaré polynomial of a k-dimensional torus T* is

PATH = (1 + D~

Theorem 6.1 (Harder—Narasimhan). The Poincaré polynomial of N is

(1+83)% — 22(1 + )8

PN) = D) (6.1)
Theorem 6.2 (Hitchin). The Poincaré polynomial of M is

6g—6

P(M)= ) bt = (6.2)
i=1

(L+7)% rs 2201 4 401 _ 2
A/ -0 [+ +0% -1 +0*A-n%]  (6.3)
o3 (LHD%72 | aea 20-2 22
—(g—-Dr* ﬁ+2g A+ -1 -7 (6.4)

The Poincaré polynomial of N was computed by Harder and Narasimhan origi-
nally using a purely algebraic method, via the Weil conjectures. Several years later,
Atiyah and Bott gave a new computation in terms of the G-equivariant cohomol-
ogy of the Harder—Narasimhan strata of the space Cg of holomorphic structures
on a smooth complex vector bundle E of rank 2 and degree 1. The computation of
the Poincaré polynomial of M is from Hitchin’s paper [43]. There, he uses a strat-
ification of the moduli space M induced by a U(1)-action, of which the fixed point
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subspaces can be explicitly described. We dedicate the rest of this section to give a
short review of the main arguments behind the computations of P,(N) and Pt(/\v/[)
made by Atiyah-Bott and Hitchin, respectively. As a consequence, we also obtain
the proof of the topological mirror symmetry conjecture of Hausel-Thaddeus for
this particular case.

6.2. Equivariant cohomology and stratified spaces.

In order to explain the computation of the Poincaré polynomial of N, we first need
to give a short review of equivariant cohomology and the theory of stratifications.

Recall that, associated with any topological group G, there exists an universal
principal G-bundle EG — BG. If M is a topological space with a G-action, then
we can consider the space Mg = (M X EG)/G. The G-equivariant cohomology
of M is by definition

Hg(M) = H*(Mg).
The free action of G on EG induces a fibration M — Mg — BG so, if M is
contractible, we have Hj,(M) = H*(BG), which is not trivial in general. Moreover,
if G acts freely on M, then we also have a fibration EG — Mg — M/G and, since EG
is contractible, H;, (M) = H*(M/G). The G-equivariant Poincaré polynomial
GP(M) is defined as the Poincaré series of Hf(M).

Consider now a (possibly, infinite-dimensional) manifold M. By a G-invariant
stratification of M we mean a set {M; : i € I}, indexed by a partially ordered set
I with minimal element 0 € I, of locally closed submanifolds M; C M such that

M:UMi,

i€l

M=\ M,

jzi

and

We also assume that My # @, and thus it is the unique open stratum. We also
make two extra assumptions

1. For every finite subset I’ C I, the set of minimal elements in 7\ I’ is finite
and nonempty.

2. For every k > 0, the set {i € I : codim(M;) < k} is finite.

For any subset J C I, the union of strata M; = J,c; M; is open if and only if
for every j € J, we have that j* € J for all j/ < j. If J satisfies that property, we
say that it is open. If J is open and i is a minimal element of I\ J, then J U {i}
is also open, so the stratum M; = My \ My is closed. The Thom isomorphism
then yields

H N (My) = H" (Mo, M),

for k; = codim(M;). Hence, we get a long exact sequence
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—— HEM(M) —— HL(Myuy) — HL(My) — -+

The stratification is said to be perfect if, for every g and every i € I, the map
HE(M o) — HE(M)) is surjective. In that case, the above long exact sequence
splits into short exact sequences and we can calculate the G-equivariant Poincaré
polynomial of M as

GP,(M) = Z FGP(M,).

iel

6.3. The Harder—Narasimhan stratification.

Recall from Exercise 23 that the space of vector bundles on P! has a “weird”
topology. Indeed, even though as a set it is isomorphic to the natural numbers,
its topology is far from being discrete. In particular, the point 0 is dense and,
more generally, in this topology the closure of any n € N is the set of all numbers
n’ € N with n” > n. This is precisely an example of the kind of stratifications
that we are studying in this section. In general, this is a particular case of the
Harder—Narasimhan stratification.

Let & be a holomorphic vector bundle on X, of rank r and degree d.

Proposition 6.3. There exists an unique subbundle & C & such that, for every
subbundle & C &, we have

WE’) < u(&),
with equality only if tk&’ <1k &,. Moreover, this subbundle is semistable.

Exercise 58. Show that there exists an integer uy such that, for every subbundle
& c &, we have u(€") < wy. Deduce from here the existence of & . Hint: Start
by showing that there cannot exist non trivial maps & — & with & is a line
bundle with arbitrarily large degree. Indeed, in that case, if we fix a very ample
line bundle Ox(1) we would have sections of E(—n), for n arbitrarily large.

Show that &, is unique. Hint: If there is another &], we can consider the
quotient &/&], and its subbundle & generated by the projection of &|. Since
&) is semistable, we have u(#) > u(&;). Reach a contradiction by proving that
H(F) < p(&r).

We call the subbundle & c & the maxzimal semistable subbundle of &.
Iterating this construction, we deduce the Harder—Narasimhan filtration

0= c& cé&hc---Ccé&_1C& =8,

defined by letting &;/&;_; be the maximal semistable subbundle of &/&;_;. We
denote r; = tk(&;/&—1), d;i = deg(&;/&i—1) and u; = u(&;/&;-1) = d;/r;. Note that
r=21,r and that d = 7, d;.
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Exercise 59. Show that
> pp > > e

We can now consider the vector

po=p(E) = (ur, " g, g, 2 o, e, ), gy s 2 ) € QT

This vector is called the Harder—Narasimhan type of the bundle &. Note
that it is a holomorphic invariant of &, since the Harder—Narasimhan filtration is
canonical. We also note that, if & is semistable, then u = (d/r,...,d/r).

Consider now the smooth complex vector bundle E underlying & and the space
C = Cg of holomorphic structures on E. For each u € Q" (with gy > o > --- > ),
we can consider the subspace C, € C of holomorphic structures with Harder—
Narasimhan type pu. This determines a decomposition

c=Jc.
u

called the Harder—Narasimhan stratification.

To show that the Harder—Narasimhan stratification is indeed a stratification we
need to understand how the Harder—Narasimhan filtration degenerates on families.
This was understood by Shatz [65], from an algebraic point of view, and years
later Atiyah and Bott [4] gave a differential-geometric description. We consider
the following partial order on Q"

i i
u <y if ij < Zu;, i=1,...,r— 1L
=1 =1
Note that }; u; = d is fixed. Shatz’s theorem says that
Cu=JCu
w2p

The minimal g appearing in the decomposition is gg = (d/r,...,d/r), so Cy, = C*
is the subspace of semistable holomorphic structures. In particular, this subspace
is open and dense in C.

6.4. The Poincaré polynomial of N.

Going back to the study of N, we fix a complex vector bundle E of rank 2 and
degree 1, and let C = Cg denote the space of holomorphic structures on E. In this
case, the possible Harder—Narasimhan types of an element of C are of the form
(k +1,-k), for k € N. This gives a stratification C = (J;~( Cx, for Cx 1= Cpri,-p)-
Note that Cp = C(1,0) is the space of stable holomorphic structures.

The complex gauge group G = Qg acts on C preserving the strata C;. Thus
we obtain a GC-equivariant stratification. Atiyah and Bott [4] showed that this
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stratification is, in fact, perfect, and that the codimensions of the strata C; are
finite and equal to 2g + 4k — 4, so we can compute

G P(C) = G°PiCo) + ) P HGEP,(Co).
k=1

In particular, this is telling us that we can obtain the G®-equivariant Poincaré
polynomial for Cy in terms of the Poincaré polynomials for C and for the strata
Ci. Atiyah and Bott proved that the cohomology of each of the strata Cy, for
k > 0 admits an explicit description, and its G*-equivariant Poincaré polynomial
is given by

(1+0)% )2

1-¢£

G P(Cy) = (

On the other hand, since C is an affine space, it is contractible and H.(C) =

H*(BG®). Atiyah and Bott also compute explicitly H*(BG®) and find that its
Poincaré polynomial is equal to

o [ +n1+ 2P
P(BG") = A=PR =)

The group G© has the subgroup C* of constant central gauge transformations,
which acts trivially on C. The quotient éc = G%/C* acts freely on the stable locus
Co, and thus we have N = Co/éc. The classifying space BG decomposes as a
product BG® = BC* x Béc, SO we can write

H;C(Co) = H(BCH® H;C(Co) = H(BCH® H*(Co/éc) = H*(BC")® H*(N).
For the Poincaré polynomial, this implies
P,N) = (1 = )G"P,(Cy).

Putting everything together, we get

(1+ 328 — £25(1 + 1)

_ 2
PAN) = (1 + 0% | ==

Finally, recall that N = (N xPic!(X))/T and that P,(Pic' (X)) = (1+1)%. Atiyah and
Bott also proved that the finite group I' = Jac(X)[2] acts trivially on H*(Pic'(X))
and on H*(N). This implies the formula of Harder-Narasimhan

(A +)% -1 + 1)

PN = 10 ea=-m
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6.5. The Bialynicki—Birula stratification.

Let M be a smooth complex quasi-projective variety equipped with a C*-action.
We say that M is semi-projective if the fixed point locus M® is projective and,
for every m € M, there exists some my € M® such that limy_od-m=my. If M is a
semi-projective variety, we can associate with it a Bialynicki-Birula stratification.
We start by defining the upward flow: for each point my € M®, we define its
upward flow as the subspace

U, :{mEM:limxl-mzmo}.
A1-0

The Bialynicki—Birula partition is the decomposition M = |, epc* Um,, Which
indeed covers the whole M since it is assumed to be quasi-projective. For each con-
nected component F < MC of the fixed points, we define its attractor
as the subset

UF={meM:£1_)na/l-meF}: U Uny-

The Bialynicki—Birula stratification is the decomposition

M = U Ur.

Feng(M©)

The dimension of an upward flow U,, can be computed as follows. The C*-
action on M determines a linear C*-action on the tangent space T, M, and in
turn a weight decomposition Ty, M = @, (T,M). We let Tt M = B, (T, M)y
Note that a vector v € T,,,M is tangent to U, if and only if it has positive weight,
so we can identify 7, Uy, = T,, M. The index of the point my is defined as the real
dimension i(mo) = dimg U, = dimg 7,, M. Note that the index is continuous as a
map from M to N, so for a connected component F ¢ M, the index i(F) = i(my),

for any mg € F, is well defined, and we have

dimg Ur = dimg F + i(mp).

Suppose moreover that M is endowed with a holomorphic symplectic form Q
such that 1"Q = AQ. Such a symplectic form identifies the component of T,,, M
with weight k£ with the one with weight —k, and thus we have

i(mg) = % dimg M = dimc M,

SO
dimg Up = dimg F + dim¢c M.

Moreover, it is not hard to show that in fact the symplectic form Q vanishes at the
subspace T, M, so in fact the upward flows U,, are (holomorphic) lagrangian
submanifolds of M.
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6.6. The C*-action on M.
The space M comes equipped with a C*-action, defined as
C'xM—M
4, (&, 9) — (&, ).

The limit lim,_(&, 1) always exists, so M is in fact semi-projective.

Exercise 60. Consider the holomorphic symplectic form Q; = w; + iw;3 € Q2O0(M).
Show that 1*Q; = 1Q,.

Theorem 6.4 (Hitchin). The space of fized points ME" decomposes as a finite union
of connected components
g-1
M = JFe.
k=0

The component Fy is the subspace of equivalence classes of pairs (&,¢) with ¢ =0,
and thus we can identify Fo = N. Denoting k = 2g — 2k — 1, the component Fy for
k>0 is a 2°¢-cover of the symmetric product

six = (x x ® x x)/;,
where S is the symmetric group, with Galois group
Gal(F,/S*X) = T(= (2,)%).
Proof. Clearly (€,0) is a fixed point of the C*-action. Moreover, stability for the
pair (&,0) amounts to stability for &, so Fo = N. Now, if ¢ # 0, then (&, ¢) is a

fixed point of the C*-action if there is an induced C*-action A — (f; : & — &) with
Ap)o fi=(L ® idg)l() o ¢. The C*-action on & induces a splitting

=o',

where & is a holomorphic line bundle of degree k = deg ¥ and we recall that
¢ = det&. Compatibility of the action with ¢ implies that ¢ can be written in
lower triangular form as
(0 0
=5 o)

for ¢ € H(X, L‘ZQ}(f). For ¢ to be non-trivial we need that
0 < deg(L?Q)é) = 2k +2g -2+ 1 =k,
so we conclude that k < g—1. We can thus identify F} as the moduli space of pairs

(Z.¢: L — L7'Qko)
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with deg & = k. Consider now the map Pic*(X) — Pic*(X), & — Z2Q1¢ and the
Abel-Jacobi map

SEX — Pick(X)
k

D= xi+— Ox(D).
i=1

The space F; can then be identified as the fibered product

Fi = SFX X4, Pic(X).

The natural projection Fy — S kX is indeed a 2%-cover, induced by the I'-action
on Fy. m]
Recall that the C*-action on M induces the Bialynicki—Birula stratification

g-1
M = U Uk,
k=0
where the strata Uy are the attractors

Uy :=Up, = {(%,(p) eM: %in(l)(%, Ap) € Fk}-

Remark 6.5. Equivalently, Hitchin obtained the stratification above by a differential-
geometric method, using the Morse function

f(&,¢)=2i fx tr(pp'™),

for H a HEH metric on (&, ¢).

6.7. The Poincaré polynomial of M.

We can use the Bialynicki-Birula stratification to compute the Poincaré polyno-
mial of M. Indeed, Hitchin [43] showed that this stratification is perfect, so we
can compute

g-1 1

.
PM) = Y mUep () = Py(Ug) + ) 1°9m= U py(U).
i=0 i=1

Note that Uy c M is open, so it has codimension 0.
First, we compute the real codimensions of the Uy, for k > 0,

codimRUk =dimCM—dimRFk =6g—6—dimRSEX= 6g—6—2/_€=2(g+2k—2).
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Therefore, the Poincaré polynomial of M is

g-1
PAM) = P(Ug) + ) PE2DP(U).

i=1

Now, since each Fy is a deformation retract of Uy, we have P,(Uy) = P,(Fy), so we
can compute
g-1
PAM) = PR + )" P& 2D P (), (6.5)

i=1

The missing pieces are the Poincaré polynomials of the Fy, for k > 0. Recall that
F} is a Galois I'-covering of S¥X. Therefore, there is a '-action on the cohomology
ring H*(Fy, C), inducing a decomposition

H'(Fy,©) = H'(Fi,©) & () H'(Fi,O)x.
kel \{0}

Where H*(Fy,C)' is the invariant part, I' = Hom(I', C*) is the group of characters
of I' and H*(Fy, C), is the corresponding isotypic component. The invariant part is

H*(F,,C)' = H*(S*X, C).

Now, the cohomology of the symmetric product S kX was studied by Macdonald
[53], who in particular showed that P,(S*X) is the coefficient in x* of the expression

(1 + x0)*8

(1-x(1-x2) (66)

On the other hand, the isotypic component H*(F}, C), coincides with the cohomol-
ogy of S¥X with coefficients in the local system

Croe = Fi x5 C o= Fux C/{(p,2) ~ (v - pox() ' 2)}.

We write )
H*(Fy, C), = H'(S*X, Cr ).

Recall now the isomorphism w : ' = T induced by the Weil pairing, and put
¥ = w(k). The element y determines a line bundle &, — X of order 2. We denote
by C, the sheaf of locally constant sections of Z,, which is a local system of rank
1. From this local system, we can define a local system C,; of rank 1 on X* by
putting

Cyi=priC,®pr,Cy®---®pr; C,.

We have a natural action of the symmetric group &, on the cohomology ring
H*(X*, C, ), and the cohomology H*(Fy, C), can be identified with the S,-invariant
part.
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If C, is trivial, then H*(X*,C,;)® = H*(X*,C)*> = H*($*X,C), that was al-
ready considered. Now, if C, is not trivial, then it cannot have global sections,
so HY(X, C,) = 0 and, by Poincaré duality H*(X, C,) = 0. For H', the Hodge
decomposition gives an isomorphism

H'(X,C)) = H'(X, %, ® H'(X, Z,Q)).

Hence, since h°(X, Z,) = 0, using Serre duality and the Riemann-Roch theorem
we get

dimec H'(X,C,) = h' (X, &) + i°(X, £,Q}) = 2h' (X, £,) = 2g - 2.

Consider now the fibration X — X* — X*1. Using Mayer—Vietoris, since only
H'(X, C,) is non-zero, we get an isomorphism

H'(X*,C,p) = H'(X,C)) @ ' (X*!,C,)) = - = H'(X,C,))*~.
By construction, the symmetric part H*(X’_‘,C%,;) is the alternating part of
H'(X,C,)®, so
H'(Fi, C) = H'(S*X,Cp0 = H'(X', C, )% = A'H'(X,C,),

We conclude that the Poincaré polynomial of Fy is

P(Fy) = P(S*X) + (2% - 1)(25’]_: 2). (6.7)

Exercise 61. Derive Hitchin’s formula (6.2) from the formulas (6.5) and (6.7), using
Macdonald’s formula (6.6) and the formula (6.1) of Harder—Narasimhan.

6.8. Topological mirror symmetry in rank 2.

It turns out that the unraveled topological mirror symmetry formula for r = 2 and
d=1, for kel and y = w(k),

E.M;u,v) = EOM/T, Ly su, V() ?, (6.8)

o2
follows almost immediately from the calculations of previous section.
For the left hand side term, we observe from the decomposition

g-1
H (M) = H'(K) & @ H: 22 (Fy),
k=1

and from the fact that I' acts trivially on H “(N ), that

g—1
H (M), = (D H ()

k=1
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Recall that i )
H:(Fy) = Hi(Fy) = N'H' (X, C,)

for y = w(k) and k = 2g — 2k — 1. Note that
k+g+2k-2=3g-3.
Therefore,

g1 B
Ed(Msuv) = > @y )" i H (X, C v,
k=1 k

p+q=k

It follows from our computations in last section that the cohomology group H'(X, C,))
has Hodge type (g — 1,g — 1) and thus h*4(A*H!(X,C,)) = (ggl)(g:) Therefore,

2g-2 i 1 f 1
E(M;u,v) = )*3 ) E(_)(_)”
M;u,v) = (uv) » g ufv

k=l,0dd p+q=k

= L) [ - w4 =) = A (+w

We consider now the right hand side. A non-trivial element y € I" determines
an unramified Galois Z,-cover ), : X, — X, and we have a commutative diagram

T* Pic'(X,) — s M> M

! -

T* Pic' (X,) NL) T* Pic'(X) 3 (¢£,0)

From this diagram, it is not hard to see® that M is a torsor under T *P,, where

P, := P(m, : X, — X) is the Prym variety associated with the cover m,. Therefore,
E(M’/F, L[,,),; u,v) = (uv)g_lE(Py/l", LB,V; u,v).

The Hodge numbers of the (g — 1)-dimensional abelian variety P, are easy to

compute: we have
—-1\[g-1
et )
p q

g-1
E(Pyiuv) =y > (g; 1)(g; l)u”vq = L+ w1+

k=0 p+q=k

Hence,

5This is a well known result of Narasimhan and Ramanan [58], the reader can also consult
(26].
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If we take coefficients on the local system L, over P,/I" we just get the averaging

1 4 ’ — ’ —
E(Py /T, Ly, u,v) = 5 erw,y )1+ w(y, Y ™ (1 + wiy,y )
Y€

= A -ws ' A= = A+ wf A+ u) '

To prove the equality, we just need to show that the fermionic shift F(y) is equal
to 2g — 2. But, indeed, since the y-action respects the holomorphic symplectic
structure, the fermionic shift is just half the complex codimension of TP, inside
of M, which is equal to

3[6g—6—-2(g—1)] =2g-2.

Remark 6.6. A surprising feature of topological mirror symmetry is the fact that
the left hand side accounts for the contributions of the non-trivial components
of the fixed points of the C*-action (since I' acts trivially on the cohomology of
N) On the other hand, I' acts freely on these non-trivial components, so the
contributions of the right hand side come essentially from the fixed points NYc N.
In terms of representation theory, the fixed-points spaces M were interpreted by
Ngo [61] as related to the endoscopic subgroups of SL,. In his monumental work,
Ngo developed a very profound understanding of the cohomology of the moduli
spaces of G-Higgs bundles, for general reductive G, and also over fields of positive
characteristic. In particular, Ngo found some formulas from which, by taking
trace of the Frobenius automorphism (when considered in positive characteristic)
he managed to deduce the Fundamental Lemma of Langlands and Shelstad, which
is one of the crucial pieces of the (classical) Langlands program.
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